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Biéh 461 lugng gide va ham o6 luong gidc céc em dude hoc & 16p 10 va 16p
11. D6 1a 1y thuy€t nén tdng cho hoc sinh budc diu lam quen mdn Lugng gidc
va tién xa hon nita 1am tién dé d€ gidi phuong trinh, bit phuong trinh lugng
gidc, hé thic lugng trong tam gidc ... néi chung nhitng bai todn lién quan dén
lugng giéc.

S4ch duge chia lam hai phg?\n

PhanI: TU LUAN

Bién soan theo ndi dung
A. KIEN THUC CAN NHG
B. VI DU MINH HOA CAC CHU PE
C. BAITAP TU LUYEN CAC CHU PE

D. HUGNG DAN GIAI BAI TAP TU LUYEN.

Phén II: TRAC NGHIEM
GOm 120 cau tric nghiém c¢6 huéng dan va ddp 4n.

D di rat nhiéu cd ging nhung ciing khong thé tranh khdi thi€u sét, rat

mong quy ddc gid gép y d€ nhitng 14n tdi ban sdch sau dugc hoan chinh. Tic
gia chan thanh cadm on.
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MOT SO Ki HIEU DUNG TRONG SACH

dpcm Diéu phdi chitng minh
VT V€ trii
VP V& phii
= Suy ra
= Tudng dudng
%) Tap hop rong
N’ N*={1,2,3,..}
Tap hop céc s6 nguyén
z Z={..-2,-1,0,1,2,...
7" Tap hop cédc s6 nguyén duong
R Tap hdp céc s thuc




PHAN I TU LUAN

A. KIEN THUC CAN NHG
1. Pon vi do goc va cung tron, d dai cta cung tron

a) P§: Ta da bi€t mot don vi do géc 1a do
« G6c bet c6s6 do 12 180°

1% =60 1'=60"
. Cung tron bén kinh R ¢6s8 doa® (0 < a <360 ) thi c6 do dai % R.

b) Radian ( Viét tit 1a rad ): Py ciing 12 mot don vi duge st dung nhiéu
trong todn hoc, khoa hoc k¥ thuat ...
«Nguwi taxem 180° = mrad

« Congthiic:

Qe Ny an . T.a
+ D3i tir do sang radian: a’ = ——rad.

0
+ D3i tir radian sang d6: arad = (18()&} :

T

2. Géc va cung lugng giac
a) Khdi ni¢m goc luong gidc va sé do ciia chiing
* Cho hai tia Ou, Ov. Mot tia Om quay quanh O ludn ludn theo chiéu
duong (hay ludn ludn theo chiéu 4m) xuat phat tir tia diu Ou dén tring véi
tia cudi Ov thi ta n6i tia Om quét mot géc lugng gidce c6 tia dau Ou, tia
cudi Ov.
Ky hiéu (Ou,Ov)

m

Chil §

« Quy udc chon chiéu dudng ngugc chiéu kim déng hd, chiéu Am clng
chiéu kim ddng hd.

. Véi hai tia Ou, Ov thi c6 vd s6 géc lugng gidc c6 tia ddu Ou, tia cudi Ov.

* Khi tia Om quét mot géc lugng gidc ma né quay géc a’ (hay a rad)thi ta
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néi géc lugng gidc d6 c6 s6 do a’ (hay a rad).
Do dé:
Né&u mot géc lugng gidc c¢6 s6 do a’ (hay a rad) thi véi moi géc lugng gidc
cling tia ddu, tia cudi véi né c6 s6 do a’ +k.360°, k € Z (hay a + k27 rad),
mdi géc ing véi mot gid tri clia k .
b) Khdi niém cung lugng gidc va so do ciia chiing

« Goi Oun(C)=A,0vn(C)=B, khi tia Om quét nén géc lugng gidc
(Ou,0v) thi di€ém M chay trén (C) theo mot chiéu tir diém A dén diém B.
Ta néi di€ém M chuyén dong trén dudng tron dinh huéng vach nén mot
cung lugng gidc mit dau A, mit cudi B, tuong tng vdi géc lugng gidc (Ou,
Ov).
-Vay hai diém A, B trén dudng tron dinh huéng xéc dinh vo sd cung lugng
gidc mit diu A, miit cudi B.

Ki hicu:AB

« S8 do clia géc lugng gidc (Ou, Ov) chinh 1a s6 do clia cung lugng gidc
tuong Gng.

3. Dinh nghia gia tri lugng giac cia mot cung
Trong hé truc toa do vudng géc Oxy, cho dudng tron lugng gidc (C) tim
0, diém gdc A(1; 0)(dudng tron lugng gidc 1a dudng tron dinh huéng cé
ban kinh biing 1 va trén d6 chon mot diém lam goc).

E

(©)

@)



N&u 18y M(xy,; yy ) € (C)dé (OA,OM ) = a thi ta cé:

. cosa=0H =x,,

. sinaz&zyM

sina
. tano =
cosa.
coso. ——
. coto=—
sino

=AT (v6i cosa = 0)

=BS (véi sina # 0)

cosa,, sina, tana , cota 1a cdc gia tri lugng gidc cia géc o

+ Truc x'Ox goi 1a truc cosin, truc y'Oy goi 1a truc sin.

+ Truc t't goi 1a truc tang, truc u'u goi 1a truc cotang.

Chiiy

. tana con ki hiéu 1a tga, cota con ki hiéu 1a cotga.
o« —1<sino<1,Va; —1<cosa<l1, Va.

. tana xdc dinh khi o % g +knkeZ.

« cota xdc dinh khi o # kw, k € Z.

4. DAau cia cac gia tri lugng giac

Gi4 tri Cung phan tu
lugng gidc 1 11 111 v
sina. + + _ _
cosa. + _ _ 4
tana, + _ + B
cota + _ + _
5. Gia tri lugng giac ctia mgt so goc (cung) dac biét
0 T 0 T 0 n 0 T 0
—(30 —(45 —(60 —(90
o 0(0%) . (307) 4( ) 3 (607) 2( )
. 1 V2 V3
sina 0 - — — 1
2 2 2
V3 V2 1
cosa 1 — — - 0
2 2 2
1
t 0 - 1 3
ana. NE] NE) H
1
t 3 1 - 0
cota H V3 NE]




6. Hé thiic co ban
. sin‘a +cos’a=1.

sina b
. tano = oz—+km,keZ|
cosa 2

cosa
ecoto=——(azkn,keZ).
sinol

. tana coto=1 [ai%,keZ).

«1+tan’a=

(a¢£+kn,kel}
cos“a 2

«1+cot’a= (azkm,keZ).

smza

7. Géc (Cung) lién két

Cung doi Cung bu
cos(—o ) = cosa sin( t—a ) =sino

sin(—a ) = —sina cos(T—a)=—coso

tan(—o ) = —tana tan(T—a ) =—tana

cot(—a ) = —cota cot(m—o)=—cota
Cung phu Cung hon kem—

sin

/ﬁ\

Nl:l ST ESTERESIE

o B
R
_a]:cm (
B

m
= tana COt[ E-i- o j = —tano

Cung hon kém 7
tan(w+a ) = tano sin( T+ o ) = —sina
cot(m+a ) = cota cos(m+a)=—cosa
Chily
. sin(o+ kn ) = sina, k € Z, k chin ;sin(a + kn ) = —sina, k € Z ,k 1&

sin(a+ kn ) = (-1)"sina, k € Z.

« cos(a+km) =cosa, k € Z,k chin ;cos(a+ kn ) = —cosa, k € Z,k 1&

)

(@}
=]
@

-
)
=

= —cota

Nl:\ [\)I:l




cos(oo+km)=(-1 )k cosa, k € Z.
« tan(a+ kn ) =tana, k € Z.
« cot(o+km) =cota, k € Z.
8. Cong thic cong
. cos(a + B) = coso. cosP F sina sinf.

. sin(a + [3) =sina cosp £ cosa sinf.

tana + tan
. tan(a+B)=—B-
1—-tana tanf
tano — tan
tan(a— p) =200 tanb |
1+ tana tanf

ar L kB S kn, ot~k keZ
2 2 2

9. Cong thié’c nhan doi
« sin20 = 2sina cosa
« cos2a = cos’a —sin’a =1-2sin’a =2cos’a—1

2tana kn

. tan2oc=—2 (aiEJrkn,a;tEJr—,ker
1-tan“a 2 4 2

Cong thic ha bac

»  1+cos2a . 2 l=cos2a
sCcOSTA=— esin“o=———
2 2

Chiy: «1+cos20=2cos’a.

«1—cos2a = 2sin’a.

Cong thic tinh sina, cosa, tana theo t = tan% (oxQRk+Drn,keZ)

. sina =

1+t
1-t?
. cOSOL = >
I+t
T
o tano = 3 ozx—+kn,keZ
1-t 2
10. Cong thic bién doi tong thanh tich
. sina + sinf} = 2sin o+p COSa—_B
2 2
. sina —sinf} = 2(:030LT+Bsin0LT_B



o+ o—
« cOSaL+ cosP = 2COS—BCOS b

. a+p . a-
« cosa—cosf} = —251n—Bsm—B

.tana+tanB=M ( 5

a¢£+kn,B¢£+kn,keZJ
cosa cosf 2

. tana —tanf = sin(@=p)

a;éEJrkn,B;tEJrkn,keZ .
cosa cosf 2 2

11. Cong thic bién doi tich thanh tong

« cosa cosfP = % [Cos((x +B)+ cos(o— B)]

—

« sina sinp = —[cos(a - B) — cos(a +B)]

[\

. sina cosf =

[sin((x +PB) +sin(o — B)]

N | —

12. Tinh chdn Ié ctia ham s8 'y = f(x)
Cho ham s6 y = f(x) v6i tap xdc dinh D
) . ., |¥xeD=>-xeD
« f(x) goi la ham s6 chan néu
f(—x) = f(x).
) . . |VxeD=-xeD
« f(x) goi 1a ham s6 1é néu
f(—x) = —f(x).
13. Ham s6 tuan hoan
Ham s6 f:D — R 13 ham sd tudn hoan ¢6s6 T # 0saocho :
VxeD,x+TeD,x-TeDvaf(x+T)=1f(x).
S& T duong nhd nhat thod man diéu kién d6, 1a chu ki cda ham s f.

14. Cac ham sé lugng giac

a) Ham sé y=sinx
« Cotap xdc dinh R;
« L3 ham so 1¢;

« La ham s& tuan hoan vdi chu ki 2x;

Chdy : Téng quat ham y = sin(ax +b) c6chu ki T = |2—T (a=0).
a

. Pdng bién trén mdi khodng [—g +k2m ;§+ kznj va nghich bi€n trén méi
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khoang (g +K2m; 37” + kzn} keZ:

. Lay moi gid tri thy ¥ thudc doan [-1;1];
. C6.@d6 thi 1a mot hinh sin (3 hinh 1).

b) Ham s6 y = cosx

. Cotap xdc dinh R;

«La ham s6 chin;

«La ham s6 tudn hoan véi chu ki 27;

2n

CHL&: Téng quiat ham y =cos(ax+b)céchuki T=—(a=0).

o

. Ddng bién trén mdi khodng ((2k —1)m; 2kz) va nghich bién trén mdi
khodng (2kz; (2k + )n), k € Z;

. Lay moi gid tri thy y thudc doan [-1;1];

« C6dd thi la mot hinh sin (3 hinh 2).

¢) Ham sd y = tanx

. C(’)tépxécdinthR\{g+kn,keZ};

« L3 ham so 18;
« La ham s6 tuan hoan véi chu ki x;

T

Chily : Tdng quit ham y = tan(ax +b) c6chu ki T=— (a #0).

&
A (g A X 9 T T
. Bong bi€n trén modi khoang [— 5 +km; E + kn] ,keZ;

. Lay moi gi4 tri thyc tuy ¥;

AR 1 ~ P N 2 s N p N ‘A ~
« C6d0 thi nhan cdc dudng thang x = 5 +km, k € Z1am cdc dudng ti€m can

dting (& hinh 3).

d) Ham s6 y = cotx
. Cotap xdcdinhD=R\{kn,keZ };

« La ham s0 18;

« La ham s6 tudn hoan véi chu ki ;
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Y

Chiy : Téng quat ham y = cot(ax + b) c6chu ki T =— (a # 0).

2]
. Nghich bién trén mdi khodng (kn;(k + 1)n) k € Z;
. LAy moi gid tri thyc tuy ¥;

« C6dd thi nhan cdc dudng thing x = kn, k € Z 1am cdc dudng tiém cin

ding (G hinh 4).
/i yl/ j

1
1
[—
3n! _r
—1
2 2
1
1
I Hinh 3 Hinh 4

15. MOT SO DANG TOAN THUGNG GAP CAN LUU Y
Dang 1 : Tinh gia tri cda biéu thic

Fhuong phép :
+ Ta can cd ging phan tich biéu thic can tinh :

« Theo cdc ham s& lugng gidc ma gia thi€t da cho biét gid tri.

« Theo cdc ham s& lugng gidc clia cdc géc (cung) dic biét.
+ D6i khi ta st dung cdch gidi dic biét 1a dya vao mot phuong trinh lugng
gidc ¢6 lién quan dén bai todn.
Dang 2 : Chiing minh mét dang thic lugng gidc dang A = B ( gia sir
dang thic can chiing minh da cé nghia)
Fhuong phZp : Ta ding mot trong cdc phuong phdp

. Bién ddi A thanh B hoic B thanh A (thong thudng day 1a phudng

phdp bi&n ddi phia phtc tap nhat).
-Bi€nddi A=CvaB=C.
«Bi€nd6iA=B< A, =B, <..< A, =B, (ding).

. BiéfndéiA=B<:>A—B=0<:>%=1(B¢O).

Dang 3 : Ching minh biéu thdc f(x) khéng phu thudc bién s6 x

Fhuong ph4p : Ta ding mot trong cdc phuong phap

. Bién d6i biéu thic f(x) khoéng cé mit x.

« Chiing minh f'(x) = 0.

Dang 4 : Ching minh, rit gon bang cach st dung téng sé6 hidu han
hay tich hitu han

Fhuong phép :
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«Tim S=a, +a, +---+a, ta thyc hién nhu sau :

Phan tich
a=u,—-u, (1
4 =U, —Uy (2)
an = un _un+1 (n)

Cong (1),(2),...(n) v€ theo v€, tadugc :S=u, —u,,,.

Fhuong phép :
«Tim P =a, .a,..a tathychién nhusau:
Phan tich
N
T, (D
U,
a, =—=
27, (2)
a, =" (n)
n n
un+1
Nhén (1), (2),...(n ) v& theo v&, ta dugc : P = —1—.
u

n+l

Dang 5 : Ching minh ding thic lugng gidc co lién hé véi cic goc
ctia tam giac ABC

Fhuong ph4p : Cin hoc nhé cdc cong thic bi€n ddi lugng gidc, st dung
A+B+C=m.

B. Vi DU MINH HOA CAC CHU BE

CHU BE 1 : KHAI NIEM GOC (CUNG) LUGNG GIAC, DAU
CAC HAM SO LUQNG GIAC- TiNH GIA TRI BIEU THUC

Vidu1.
.. 5 . 11
a) boi Tn rad ra do b) boi ?n rad ra do
¢) Bdi 72° ra radian d) B6i 108°:12°30' ra radian.

Giai
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5w

- 180.2%
a) % rad = 4 | —225°
4 T
0
b)—~rad=| —6 | =330°
6 T
72 2
c) 72° = Lz rad = r rad.
180
108 3 12,5 5
d)108° =222 ad =2 rad: 12°30'=12,5° =222 1ad =28 raa,
180 5 7

p 7
Vi du 2. Hiy viét s6 do ciia géc (Ou, Ov) = T“+3n dui dang o+ k27

vl 0<a<2m,keZ.

Giai

3 3 3
Tacé:sd(Ou,OV)=7n+n+3n=7n+4nvéia=7n,k=2.

Vi du 3. Biéu dién trén dudng tron lugng gidc cdc géc lugng gidc c6sd do:

a) (Ou,0v) =%,k eZ

b)(Ou,Ov)z%Jrkn,keZ.

Giai
a) Biéu dién cdc diém ngon
) kn , B
cua (Ou,Ov) =7,k eZco
2 . . E
4 di€ém phan biét tng:
«k =0:5d(0Ou, Ov) = 0 = diém A.
C
.k=1:sd(0u,OV)=g:diémB. 0 5
+k =2:5d(0u, Ov) =1 = diém C. h
ok=3:sd(0u,OV)=3?n3diém D. D

. k=>4 k<0 e e

Ta thay hay cd cdc di€ém ngon trung vdi 4 di€m trén.
keZ keZ

b) Bi€u dién cic diém ngon clia (Ou, Ov) = §+ km, ke Zcé 2 diém phan

biét ing:
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.k =0:5d(Ou, Ov) =§ — diém E.

<k =1:5d(0u, Ov) 25% = diém F.

Ta nhan thay 2 diém nay d6i xiing nhau qua goc toa do O va ta cling nhan

keZ keZ
Nhan xét :

Néusd (Ou,Ov) = o + ko hay sd(Ou,Ov)=a’ +
n

N k>2 k<O , ., N P S
thay rang hay c6 cdc di€m ngon trung vdi 2 diém trén.

0 .
K360t cZ neNmi

s& c6 n diém ngon trén dudng tron lugng gidc.

Vi du 4. X4c dinh dau cda

Y s
a) cos136° b) Sm?

. 21 21 0 . A0 0
¢) sin —? cot? d)cos(45" —a)v6i 0" <a <90

Giai
a) Vi90° <136° <180° = cos136" < 0.

st 3 5
b)Vin<7n<7n:>sin—n<O.

sin(—ﬁj<0 (Vi—n<—ﬁ<—£j
) 3 3 2 . 2n 2n
c¢)Taco: = sin —? co
cotz—n>0 Vi O<E<E

5 5 2

d Vi’ <a<90’ = -90° < —0 <0’ = —45° <45° — g < 45°

= cos(45” —a) > 0.

Vi du 5. Tinh gid tri cdc biéu thiic :
a) A = 3sin30° — cos60° —2¢0t90°  b)B= coszg— 2sin§—3tan2§+ 2
3c0s%0 —4sin’ n

3
0C= T 2 . d)D =[300t2§—tan2%cot2 12) i
3cot " + 5sinmt —tan " 1 1

Giai
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2 2
2
b)B:(lj BV LI S
2
2 412
oo o4l 1
3.1+5.0-1 2

d)D=(3.0"—12f =-1.
CHU DPE 2 : HE THUC CO BAN

Vi du 6. Tinh cosa, sina, cota biét tano=—2 va 90° <o <180°.

Giai

1 1 1
«Tinh cosa: 1+tan’a = 3 :>1+(—2)2 = = cos’o=—
cos o cos“a 5

1 0 0
=cosoo=——— (do90” <a<180").
V5

1 2
« Tinh sina : sina = tana cosa = (-2) - (—— =—
J5 J J5

1

1
« Tinh cota: coto= =——-
tana 2

Vidu 7.Chosina:—% va n<a<?n

a) Tinh cosa,tana,cota

b) Tinh gid trj ciia bi€u thic A = 0%
1—cota
Giai
. 1
a). Tinh cosa : COSZOL=1—SIII20L=1——6=2:>COSOL=—§
25 25 5
(don<a<3—nj-
2
_4
. Tinh tano; cota.: tano = Sine =—5=£; cota = ! =§-
cosa. 3 3 tana. 4
5
1+é
bA=—2=7
3
1_i
4
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Vi du 8. Riit gon céc bi€u thifc sau:
. 3 3
sin’x —cos’x
a) A = SIXZCOSX
sinx — cosx
b) B =(1-cos’x)tan’x + 1 —tan’x

1+ sina l-sina .. =
c)C= — — — véi—<oa<m.
1-sina 1+ sina

Giai

YA (sinx — cosx)(sinzx + sinXcosx + coszx)
a =

: =1+ sinxcosx.
Sinx — cosx

-2
2 2 2 2 2SI X
b)B=tan"x —cos“xtan"x+1—tan"x =1—-cos X -

2
CcOs X
.2 2
=1-sin"X = cosx.

l+sina>0 1+sina—1+sina  2sina
¢) Vi ] nén C= = =—2tana
1—sina.>0 J1-sin%a |cosal
o
do—<a<m=cosa<0 |-
2
Vi du 9. Chiing minh:
a) tan’x — sin’x = tan”x. sin’x
b) sin®x + cos®x = 1 — 4sin’xcos’x + 2sin*xcos*x
sin*x — cos®x +2cos*x — cos®x 6
c) m — — —— =tan’x.
CcOos"X —sin“X + 2sin"X —sin"x
Giai
.2 2 2 s 2 -2
sin“x . , sin“x(1—cos“x) sin“xsin“x 2 .2
a)VT = S——sin"x = 3 = 3 = tan“xsin " x (dpcm)
cos’x cos’X cos’X

b)Pita=sin’xvab=cos’x =>a+b=1
VT =a"+b* =(a’ +b”)* —2a’b” =[(a+b)> —2ab]’ —2a°b’
=(1-2ab)> —2a’b’ =1—4ab+4a’b” —2a°b’> =1-4ab+2a’b’
=1—4sin’xcos’x + 2sin*xcos*x (dpcm).

VT sin*x — coszx(l —2cos’x + cos4x) sin*x — coszx(l - cos2x)2
c = =

4 .2 .2 . 4 - 4 .2 . 2.N\2
cos X —sin“x(1-2sin"x +sin"x)  cos X —sin"x(1—sin"x)

- 4 2 . 4 - 4 2 s 4 .2
sin X —cos xsin X  sin x(1—cos“x)  sin xsin“x

4 .2 P 4 20N 4 2
cos X —sin“xcos x cos x(1—sin“x) cos xcos X
sin®x

6

= o =tan x (dpcm).

COS X
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I-cosx  sinx

Vi du 10.Chiing minh ring — = :
sinx 1+ cosx

Giai
I—cosx  sinx

- = & (1-cosx)(1+ cosx) = sinxsinx < 1 —cos’x =sin’x
sinx 1+ cosx

< sin’x + cos’x =1 (ding)

= dpcm.

Vi du 11. Chiing minh c4c biéu thiic sau khong phu thude x
a) A = (cotx — tanx)” — (cotx + tanx)*

b)B= 2(sin4x +cos*x + sinzxcoszx)2 - (sinsx + cossx).

Giai
a)A = cot’x — 2cotxtanx + tan’x — (cotzx + 2cotxtanx + tanzx)

= —4tanxcotx = —4 (dpcm).

b) Cachl
u=sin’x
bit =u+v=lI.
v =cos’x

Ta C(’):B=2(u2 +vi4uv)? =@ +vH
=2[(u+Vv)> —2uv+uv]® —[(u® +v?)* —2u’Vv?]
=2(1- uv)? — {[(u +v)* =2uv]® - 2u2V2}
=2(1-2uv+u’v?)—(1-2uv)? + 2u’v’
=2(1-2uv +u’v?)—(1—4uv +4u’v?) + 2u’v?
=2 —4uv +2u’v’ —1+4uv —4u’v? +2u’v’ =1 (dpcm).
Cach2
Bit {u =sin*x + cos*x {uz = sin®x + cos®x + 2sin*xcos*x
© | v=sin’xcos’x v? =sin*xcos*x.
Tac6:B=2(u+v)’ —(u> —2v*)=2(u” +2uv+v?)—u’ +2v’
=20 +4uv+2vi —u? +2v? = u? +duv+4v? = (u+2v)?
= (sin*x + cos*x + 2sin’*xcos’x)*

= [(sinzx +cos’x)’]* =1 (dpcm).

Vi du 12.Ching minh ring néua #b,a=1va
asin’a + bcos’a=1 (1)
acos’B+bsin’p=1 (2) thia+b=2ab.
atana = btanf 3)
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Giai
«Néua=0=b=0,tr (3)=>sinf=0,tr(2)=a=1(voly).

(1)= atan’a+b = =1+tan’a < (a—Dtan’a=1-b

2

CcCoS o
(2)=a+btan’p=———=1+tan’p< (b-Dian’p=1-a
cos“B
2
Do dg: ¢ (1 bj(v1a¢l)(4) an’o by o gid thict) (5)
tan’p  \1- anB a’
1-b b*>  1-2b+b> b’
Tu’(4)va(5):>( j —o——=—
1- a’ 1-2a+a®> a’

—a’—2a’b+a’b’ =b> —2b%a+a’b’
= (a—b)(a+b)—2ab(a—b)=0=a+b=2ab (doa=b)(dpcm).
CHU DPE 3 : GOC (CUNG ) LIEN KET

Vi du 13. Tinh cédc gid tri sau:

a) cos150° b) 0032—31r ¢)sin(=765")
11 5w
d) tan 330° e)cot—r f) tan(— —) :
4 3
Giai
3

a) cos150° = cos(180° —30") = —co0s30° = -~
2 1
b)cos—nzcos n—E :—COSEZ——-
3 3 3 2

2
¢) sin(=765") = —sin 765" = —sin(45° + 2.360") = —sin 45" = —%-

d) tan330° = tan(360° - 30°) = tan(-30") = —tan30° = ——.

5m 5m T
tan| —— |=tan| ——+2 =tan—=\/§.
g ( 3) ( 3 n) 3

Vi du 14. Riit gon cdc biéu thifc sau:
a) A =cos(m+Xx) - sin(g - xj +tan(2m—x) + cot(3?7t - Xj

b) B = cos(180° —a) +sin(a—270°) — 3tan(90° + a))cot(270° — o).
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Giai
T o
a) A = —cosx — cosx + tan(—x) + cot(n + E - xj = —2C0sX —tanx + cot(E - xj
= —2c0sX — tanx + tanx = —2cosX.
b) B = —cosa + sin(a + 90° —360%) — 3(—cota)c0t(1800 +90° —a)

= —cosa + sin(a +90°) + 3cota cot(90° — )

=—cosa + cosa + 3cota tano = 3.1 = 3.

Vidu 15.Riit gon :
a) A =tanl’tan2’ tan3’...tan87° tan88° tan89°
b) B =c0s735° cos(—15°) + cos 75° sin(=555") + tan155° tan 245",

Giai
a)Tacé: tan89° = cot1°; tan88° = cot 2°
tan87° =cot3%; ..o,
tan46° = cot 44°%;tan45° =1
Nén A = (tan1° tan89"). (tan 2° tan 88°)...(tan 44° tan 46° ) tan 45°
=(tan1’ cot1%). (tan 2° cot 2°)...(tan 44° cot 44° ) tan 45°
=1.1..1=1.
b)
. c0s735" = cos(15° +2.360") = cos15°
. cos(—lSO) =cosl5’
« c0s75% =co0s(90° —15°) =sin15°
. sin(=555%) = —sin555° = —sin(360° +195°) = —sin195°
=—sin(180° +15°) =sin15°
. tan155° =tan(180° — 25°) = —tan 25°
. tan245° = tan(180° + 65°) = tan 65° = cot 25°
Do d6: B =cos*15° +sin* 15 —tan25° cot 25° =1-1=0.

Vi du 16. Chiing minh trong tam gidc ABC, ta c6:

a) sin(A + B) =sinC b) cos(A +B) =—-cosC
.[A+B C A+B . C
¢) sin =cos— d) cos =sin—
2 2
e)sin(A + B - C) =sin2C f) cos(%j = —sinC.
Giai
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Vi A,B,Clabagéccia AABCnénA+B+C=n=>A+B=n-C
a) sin(A + B) =sin(n — C) =sinC.
b) cos(A + B) =cos(n — C) = —cosC.

.(A+B . (n—=C .(m C C
¢) sin = sin| =sin| ——— |=cos—-
2 2 2 2

d) COS(A b

2
B n—C n C . C
= oS =coS| ——— |=sin—-
2 2 2 2

e)sin(A + B—C) =sin(n—2C) =sin2C.
f) cos(ﬂJ = cos( T ZCJ = cos(E + CJ =—sinC.
2 2 2
Chl@?: Ta st dung Vidu 16a, b, ¢, d nhu cong thiic.
CHU DPE 4 : HAM SO LUGNG GIAC

Vidu 17. Tim tip x4c dinh clia ham s8 sau:

X X
a)y = 2cos b) y = tan3x ¢)y =cot—
x—1 2
e 1-cosx 2c0sX
)y six )y 2sinx sin(x —2)
Giai

a)Ham s6 y xdc dinh khix 120 < x #1.
Viy tap xdc dinh cia ham s8 di cho 1a D = R\ {1},

b)Hﬁms@fyxécdinhkhin¢§+kn,keZ<:>x¢§+%,kel.
A A s s s s N T kn
Vay tap xdc dinh cua ham s6 dachola D =R\ {g +?,k € Z}.

¢) Ham s8'y xdc dinh khi%ikn,keZ@ x#k2mk e Z.

Vay tap xdc dinh cia ham s8 dacho 1a D =R\ {k2m,k € Z}.
d) Visinx <1<2 =2 —sinx >0, Vx nén tap xac dinh ctia ham s& dichola R
e) Ham s6 y xdc dinh khi sinx # 0 <> x # kn,k € Z.

Vay tap xdc dinh cia ham s6 dacho 1a D =R\ {kn,k € Z},
f) Him sd y xdc dinh khisin(x —2) #0 <> x # 2+ kn,k € Z.

Vay tap xdc dinh clia ham s& dichola D =R\ {2 +kmk e Z}-

Vi du 18. Xét tinh chdn , 1 clia cdc ham s6 sau:
a) f(x) = —2cosx b) g(x) = 5sinx — 2

¢) h(x) = 2cos’xsinx + 3tanx d) k(x) = tan|x|
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‘ e)ux) = 2cos(x —%) f)p(x) = sin*x + cos*x.

Giai
a) Tap xdc dinh cta f(x)1a D = R.
vVxeD=-xeD
Tacé:
f(—x) = —2cos(—x) = —2cosx = f(x)
b) Tap xdc dinh cia g(x)la D=R.
Véimoi x € R, tacéd: g(—x) =5sin(—x) —2 = —5sinx — 2
Suy ra:g(—x) # g(x) va g(—x) # —g(x).
Vay ham s6 g(x) khong chdn, khong 1é.

= f(x) 12 ham s& chin.

¢) Tapxdcdinhctiah(x)la D=R\ {g +km, k e Z}-

VxeD=-xeD
Tacé:

h(—x)= 2cos’ (—x)sin(—x)+3tan(—x) = —(ZCOSZXSinX+ 3tanx)=—h(x)
= h(x)1a hamsd 18.

d) Tap xdc dinh cda k(x)1a D =R\ {g +km,k € Z}.

vVxeD=-xeD
Taco:
k(—x) = tan‘— x‘ = tan‘x‘ =k(x)
= k(x) 12 ham s6 chin.
e) Tap xdc dinh cia u(x)1a D=R.

Véimoix e R,tacd:u(—x)= ZCOS(— X — %) = ZCOS(X + gj

Suy ra:u(—x) # u(x) va u(—x) # —u(x).
Vay ham s6 u(x) khong chdn, khong 1é.
f) Tap xdc dinh cia p(x)la D =R.

VxeD=-xeD
Taco:

p(=x) = sin* (—x)+ cos” (—x) = sin*x + cos*x = p(x)
= p(x) 12 ham s6 chdn.

Vi du19. Chiing minh ring v6i mdi ham s6 y = f(x) sau ta déu c6
f(x + kn) = f(x) v6i k € Z, x thudc tip xdc dinh ctia ham

a)y =3tan’x +5 b) y = 2sinxcosx

Giai

¢)y = —2sin’x.

22



a) Ta c6: f(x + kmt) = 3tan” (x + km) + 5 = 3tan’x + 5 = f(x).
b) Ta c6: f(x + kr) = 2sin(x + km)cos(x + km)
=2(-1)*sinx(-1)* cosx
=2.(=1)*sinxcosx = 2sinxcosx = f(x).
c¢)Taco:
f(x + kr) = —2sin* (x + krr) = =2[(—=1)*sinx]* = -2(~1)*sin’x

= -2sin’*x = f(x).

Vi du 20. Tim gi4 tri 16n nhat va gid tri nhd nhét cdc ham s6 :
a) f(x) =1+ 2sinx
b) g(x) = 2sin\/;

¢) h(x) = (2sinx + cosx)(2cosx — sinx).

Giai
a)Taco:—1<sinx<1,Vx = -2<2sinx <2, VX = -1 <f(x) <3

f(x)=—1<:>sinx=—1<:>x=—g+kn,kel.

f(x)=3<:>sinx=1<:>x=§+kn,kel.

Vay ham s6 da cho dat gid tri 16n nhat 1a 3, nhd nhat 1a —1.
b) Ta nhan thay

.y =sinv/x dat gid tri 16n nhat la 1 khi v/x =§+ K2, k e Z,k > 0.

.y =sinv/x dat gid tri nhd nhat 1a — 1 khiv/x = —g +K2mkeZ'.

Nén ham s6 g(x) dat gid tri I6n nhat 13 2, dat gid tri nh nhat 1a —2.
¢) Ta c6: h(x) = (2sinx + cosx)(2cosx — sinXx)

. ) 2 :
= 4sinxXcosx — 2sin“X + 2c0s X — SinXcosx
. . 3.
= 3sinxcosx + 2(cos’x —sin’x) = Estx +2c0s2x

Ap dung BPT Bu-nhi-a-cop-xki:

2
(h(x)) < G + 4j(sin22x +c0s22x) = 75 N —% <h(x) < %

. ) . 5
Nén ham sd h(x) dat gid tri 16n nhat l1a E’ dat gid tri nhd nhat 1a —5-
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Nhiclai:

Cho2bdsd (a,,a,),(b,,b,).Taludn c6:

(a,b,+a,b,)*<(al+a%)b
1Y 1 2Y 2 1 2

Ping thiic chi x3y ra khi ton tai t :[

12 +b22)
b, =ta, (i=1,2)
a =th, (i=1,2).

Vidu 21.Cho ham s6 y = f(x) = sin2x

¢) V& do thi ciia ham s6 y =sin2x .

b) Lap bang bién thién clia ham s6 y = sin2x trén [

a) Chiing minh : Vk € Z ta ludn cé f(x + kn) = f(x), Vx

n

-

3|

Giai
a) Ta co: f(x + kn) = sin(2x + k2m) = sin2x = f(x).
b) Bing bién thién
. = = , & =
2 4 4 2
T T
2 -n -— 0 — T
¥ 2 2
y=sin 2x 0 0 1

¢) Do thi

Vi dy 22. V& dd thi clia cdc ham s& sau:

a)y= |sinx| b)y= tan|x|

¢)y =2+sinx dy= sin(x—gj.

Giai
. sinx néu sinx > 0

a) Ta co: |smx| = ) .
—sinx néusinx <0

DE v& dugc d6 thiy =|sinx| ta thyc hién nhu

sau:

« V& @6 thi y = sinx (da vé & kién thic cAn nhé)
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« Giff nguyén phan d6 thi y =sinx & phia trén truc hoanh Ox

« Phan con lai ctia dd thi y =sinx & phia dudi truc hoanh Ox, ta chi cin 14y
déi xding qua truc Ox.

« B4 phan db thi duéi truc hoanh, ta dudc dd thi cin vé.

b) Nhan thdy y = tan|x| 12 ham s6 chdn, do d6 dd thi cla né s& nhan truc
tung Oy l1am truc doi xdng. bé vé duge d6 thi y= tan|x| ta thyc hién cédc
budc nhu sau:

« V& d6 thi y = tanx (dd vé& & kién thiic cAn nhd )

«Giit lai phan dd thi y = tanx & phia c6 hoanh do khong 4m, bé phan db thi
y = tanx § phia c¢6 hoanh do am.

. LAy d6i xting phin dd thi trén qua truc tung Oy, ta dudc db thi can vé.
y

N
SEE]
N

¢) P& vé dugc d6 thi y =2 +sinx ta ti€n hanh cdc bue nhu sau:

« V& d6 thi y =sinx

« Tinh ti€n dd thi y =sinx theo truc Oy Ién phia trén mot doan c6 do dai
bing 2, ta dugc dd thi can vé.

y=2+sinx

0 s . T s . 5
d) b€ vé dugc do thi y = sm(x _Zj ta ti€n hanh cic buéc nhu sau:
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« V& dd thi y =sinx

«Tinh ti€n d6 thi y = sinx sang phai theo truc Ox mdt doan c6 do dai

N T N .A ~
béngz , ta dugc do thi can vé.

Chii y': Cau c, d ta st dung dinh 1i tinh ti&€n d thi:
Trong mit phiang, cho dd thi (G):y=f(x), m, n 13 hai s& tuy y. Khi dé:
« D6 thi ham s8 y = f(x) + m ¢6 dugc khi tinh tién (G) 1én trén m don vi
néu m > 0, xudng dudi |m| don vi n€u m <O0.
« Do thi ham s8 y = f(x —n) c6 dugc khi tinh ti€n (G) sang phai n don vi

néun > 0, sang trdi |n| don vinéun < 0.

Vi du 23. Tim chu ki ctia cdc ham s6 :

a)y= COS(2X + %j b) y =sin2znx

c)y =sinx + % sin2x + % sin3x d)y=cos2x + sin%

e)y = tan3x + cosx f) y = 1+ sinx —sin2x + 4sin°x.
Giai

a)Himsd y = cos(Zx + gj c6chu ki la |2?7|t =1.
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b) Ham s8 y = sin2nx c6 chu ki Ia é—’] =1.
T

¢) Ham s sinx cochukila 2n
Ham s6 sin2x c6chukilan

. . . ) L 2T
Ham so sin3x c6chu ki la ?

Do d6:Ham s6 ddchocéchuki T = BSCNN(Zn T ,%) =2m.
d) Him s6 cos2x c6 chu ki 12 .
Ham s& sin% c6chu ki 1a 4.
Do d6: Ham s6 da cho c6 chu ki T = BSCNN(~, 47) = 4.
e) Ham s6 tan3x c6 chu ki Ia g
Ham sd cotx c6 chu ki 1a m.
Do d6: Ham s6 da cho c6 chu ki T = BSCNN(g,nj =
f) Him so da cho viét lai :
y =1+sinx —sin2x + 4(@] =1+ 4sinx —sin2x —sin3x.

Ham s8 sinx ¢6 chu kila 27.
Ham s0 sin2x cé chu ki 1 7.

IS A . 7z NPES 27[
Ham s0 sin3x c6chu ki la ?

Do d6: Ham s6 dachocéchuki T = BSCNN(Zn ?n
CHU DE 5: TINH GIA TRI BIEU THUC B\v
DUA VAO PHUGNG TRINH

NG CACH

6 /T

Vi du 24. Tinh gid tri ctia bi€u thic T = tan® % +tan® ?—g +tan T

Ta cé: tan? 3-£j=tan22=l; tan’ 3-5—nj=tan25—n=lvé
18 6 3 18 3

tan2(3 Ej = ‘[anzﬁzl
18 3
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T Ry i . ” N 2 1
Vay x, =—,x, =—, X, =— la nghiém cua phuong trinh tan~3x =— ().
1y X 1872 7187 T g g p g 3()

3tanx — tan’x

Mait khéc tan3x = (cong thic da chitng minh & Vi du 40a).

1-3tan’x
3tanx —tan’x | 1
Nén: (1)< anx—aznx =— < 3tan®x —27tan*x + 33tan’x —1=0
1-3tan"x
Pit y = tan’x, ta ¢6 phuong trinh 3y® —27y* +33y —1=0 )

(1) c6ba nghiém y,,y,,y; 1a cdc gid tri clia tan® %, tan’ f—g ,tan’ Z—g

5 7
Véythan6%+tan6£+tan6—n=yf +y§ +y§

18
. (=27) 33
Tx )=y, +y, +y; =_T=9;Y1YZ +Y,¥3+Y3Y =?=11;
(=D 1
VAAELE 3 3

Suyra:

T=(y,+y,+y;)’ —3(y1\+y2 +Y )Y, +Y2Ys YY) +3y,y,y; =433,
CHU PE 6 : CONG THUC CONG

Vidu 25. Tinh:

1 1
in75%; tan75° b) A = - :
a)sin an \/gsinZSOO cos110°
Giai
a) «sin75° = sin(45° +30%) = sin45° c0s30° + cos45°sin30°
V2 V3 21 o2

2 2 2 2 4

V3

tan45° + tan30° B 1+? 3 3+43
I-ands"@n30’ V3 3-43

3
_\/5(\/§+1)_\/§+1‘
T BAB-1) Bl

.tan75" = tan(45° +30°) =

1 1
Vidu 26:Chocosa=§,sin[3=z (V(’)’i0<a<§;§<[3<nj.Tinhgiétricﬁa

cos(a+ ).

Giai
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« Tinh sino.:
sin2a=1—cosza=1—l=§:sinazg d00<a<
9 9 3
« Tinh cosp:
1 15 15 T
cos’B=1-sin’B=l-—=-—"=cosp=——— | do=—<PB<m|
B P 16 16 P 4 ( 2 b J
« Tinh cos(a+p):

cos(a + ) = cosa cosp —sina sinf} = —(—

Vi du 27. Riit gon céc biéu thitc

a)A = cos(x - Ejcos(E - xj - s1n(x - —js1
3 4

b) B =sin2xcotx — cos2x.

15} 22 1 -(15+4242)
4

)

4>|>-1

o3 (1ol

yis YL | A \/E‘IJFQ'Q_\/EJM/E.

=COS—COS—+SsIn—Ssm—=—-—
4 3 4

2 2 2 2 4
. COSX Sin2XcosX — cos2xsinx  sin(2x —X)
b) B =sin2x - —— —cos2x = : = : =1.
sinx sinx sinx

Vi du 28. Ching minh :

a) sinx + cosx = ﬁsin(x + g)

b) sin(a + b)sin(a — b) = sin’a —sin’b
2sin(a + b)

cos(a+b)+cos(a—Db)
d) cos(A + B +C) = cosAcosBcosC — cosAsinBsinC — cosBsinCsinA

¢)tana +tanb =

—cosCsinAsinB
T T 2
e)tan| —+a [+tan| ——0 |=——F—— -
4 4 cos“a—sin’a
Giai

a)VP = \/E(sinxcosg + cosxsingj = ﬁ(% sinx + %COSXJ

=sinx + cosx (dpcm).
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b) VT = (sinacosb + cosasinb)(sinacosb — cosasinb)
= (sinacosb)2 - (cosasinb)2 = sin”acos’b — cos*asin’b
=sin’a(1—sin’b)— (1 -sin’a)sin’b
= sin’a —sin’asin’b —sin’b + sin’asin’b = sin*a —sin’b (dpcm).

¢) VP = 2(sinacosb + cosasinb)

cosacosb — sinasinb + cosacosb + sinasinb
_ 2(sinacosb + cosasinb)  sinacosb N cosasinb

2cosacosb cosacosb cosacosb
=tana + tanb (dpcm).

d) VT = cos[(A + B) + C] = cos(A + B)cosC —sin(A + B)sinC
= (cosAcosB —sinAsinB)cosC — (sinAcosB + cosAsinB)sinC

= cosAcosBcosC — cosAsinBsinC — cosBsinCsinA — cosCsinAsinB.

i b
tan— +tanoa  tan— —tano
e)Vli=—4 4
b b
1-tan—tano 1+ tan—tana
4 4

B lthanoc+ 1-tana

1-tano 1+ tana

_(I+ tana)” + (1 —tana)? _ 1+2tana + tan’o + 1 —2tana + tan’o

1 —tan’a 1 —tan’a
1
2(1+tan’a) z(coszaj 2
= = — = —— (dpcm).
1-tan“a 1_sm o cos“o—sin‘o
cos’a,

Vi du 29. Chiing minh biéu thiic sau khong phu thude x

A =cos’x + cosz(g + xj + cosz(g — xj

Giai
Taco:

2
» T LT, T LT
A =cos“X +| cos—cosx —sin—sinx | +| cos—cosx +sin—sinx
3 3 3 3
_ 2 2 TE 2 TE . TE . . 2 TE . 2
=CO0Ss"X +cos gcos x—2cos§cosx smgsmx+sm gsm X

T 2 T . T, R )
+ COS™ —CO0S X+2COS§COSXSIH—SIHX+SIH gSlIl X

2

2
T L, T 1 3 .
=cos’x + 2cos? Ecoszx +2sin? gSanX =cos’X + 2(5) cos’X + Z{TJ sin’x
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= %(coszx +sin’x) = % (dpcm).

Vi du 30. Cho sin(2a + ) = 3sinp. Chiing minh : tan(a + ) = 2tana.
(v6i gid thiét tan(a + B) va tano c6 nghia).

Giai
Ta c6 :sin(2a + B) = 3sinf < sin[(a + ) + o] = 3sin[(a + ) —a] (1)
VT(1) = sin(a + B)cosa + cos(a + B)sina
VP(1) = 3[sin(a + B)cosa — cos(a + )sina]
(1) < 4cos(a + B)sina = 2sin(a + B)cosa
Do tan(o. + B) va tana c6 nghia, nén ta chia hai v€ ctia (1) cho 2cos(a + B)cosal

Ta s€ dudgc : tan(a + B) = 2tana (dpcm).

Vi du 31. Ching minh trong tam gidc ABC, ta c6:
a) sinAcosB + cosAsinB = sinC
b) cos(A —C) —cosB =2cosAcosC

A . (B=C . B C
¢) cos| — |+sin =2sin—cos—
2 2 2 2

A B B C C A
d) tan—tan—+ tan—tanz + tanEtanE =1.

Giai
a) Vi A,B,C la bagéccia AABCnén A+B+C=n=A+B=n-C.
Tacé: VT =sin(A + B) =sin(n — C) =sin C (dpcm).
b) Vi A,B,Cla 3 géc cia AABCnén B=7—(A + C) = cosB =—cos(A +C)
Tacd: VT =cos(A—C)+cos(A +C)
= (cosAcosC + sinAsinC) + (cosAcosC — sinAsinC)
=2cosAcosC (dpcm).

¢)ViA,B,Cla bagéccﬁaAABCnén%zg—B;C

A n B+C . (B+C
= coS— =cos| —— =sin .
2 2 2 2

. (B+C . (B-C . (B C . (B C
VT =sin +sin =sin| —+— |+sin| ———
2 2 2 2 2 2

. B C B.C . B C B.C
=| sIn— 08— + cOS—SIn— |+ | SIn—COS— — COS—SIin—
2 2 2 2 2 2 2 2

B C
=2sin—cos— (dpcm).
5 2( pcm)

d) Vi A,B,Cla ba géccia AABCnén A+B+C=n=>A+B=n-C
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B C C A
= tanztana + tanEtan— +tan—tan— =1(dpcm).

CHU PE 7: CONG THUC NHAN

Vidu 32.
. 4 = ; .
a) Cho sino. = g véi 5 <o < 7. Tinhsin2a
b) Tinh cosl
12
¢) Tinh A =311 pist tan % =2,
2 —cosa, 2

Giai
16 9 3
a). Tinh cosa : cos’a = 1 —sin’o = 1—2—5 =— =>cosa = ——(doE <a< n)

« Tinh sin2a : sin20 = 2sinoacoso =2 i . (— gj = —ﬁ-

n J3
b)coszl_l+cos6_1+2_2+x/§ T \/2+\/§'
12

= = = Ccos— =
2 2 4 12 2

c)bitt= tan%.

2t
3+— 2
2
Tacé: A — 1+t2 :3t +22t+3:12+4+3:Q.
1=t 3t°+1 12+1 13
1+t

Vi du 33. Ching minh :
a) sin3a = 3sina — 4sin’a; cos3a = 4cos’a — 3cosa

b) 1—sin20. _ coso —sino

cos2a cosa + sina.

cosa+sina cosa—sina
c —— — =2tan2a
cosa—sina cosa+sina

d) cota — tana — 2tan2a — 4tan4a = 8cot8a
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Giai
a)Tacé:
« sin3a =sin(a + 2a) = sinacos2a + cosasin2a
=sina(1—2sin’a) + 2sinacos’a = sina — 2sin>a + 2sina(1 —sin*a)
= 3sina —4sin’a (dpcm).
« cos3a = cos(a +2a) = cosacos2a —sinasin2a
= cosa (2cos’a —1) —2cosasin’a

=2cos’a — cosa — 2cosa(1 — cos?a) = 4cos’a —3cosa (dpcm).

b) VT = sin’a + cos’o — 2sinocosa B (cosa —sina)?
cos’a—sin’a (cosa —sina)(cosa + sina.)
cosa. — sina,
=———(dpcm)
cosa + sina
(cosa+sina) —(cosa—sina)
c)VT= 5
cos"a—sin"a
_cos’a+2cosasina+sin’a —(cos’a — 2cosasina+ sin’a)
cos2a
2(2cosasina) 2sin2a
= ( ) = =2tan2a(dpcm).
cos2a cos2a
. 2 .2
3 COSX sinX cos'X—sin“X  cos2x
d) Tacé:cotx —tanx = ——— =— =— =2cot2x (1)
SINX  COSX SINXCOSX sin2x
2

Ap dung (1) : VT =2cot2a —2tan2a — 4tanda = 2(cot2a — tan2a) — 4tan4a
=4cotda — 4tanda = 4(cotda —tan4a) = 8cot8a (dpcm).
Chiy : TasGdungVi du33a)nhucbdngthiic
.sin3a = 3sina —4sin’a; cos3a =4cos’a —3cosa

. 3 3sina-—sin3a 5 3cosa+cos3a
sinfa=————; cosa=————-
4 4

Vi du 34. Ching minh:

1 —cos2o +sin2a

- =tano
1+ cos2a +sin2a

in2a.
b) sin? E+0t —sinz(ﬁ—ajzsm
: [s j Y G

1+tan§
2

sinx +1—cosx

c)

inx — - X
sinx — 1+ cosx l—tanE

Giai
33




2sin’a + 2sinacoso.  2sina (sino + cosa
a)VT = = ( )

3 - = - = tanao (dpcm).
2cos“a +2sina coso.  2cosa (sino + cosa)

1—cos(2+2aj l—cos(Z—Zaj !
b) VT = - =—| cos E—Za —Cos E+20c
2 2 4 4

2
= l COSECOSZ(I + sinESinZa — cosE cos20 — sinESinZa
2 4 4 4 4

sin2a

7

1 T
=—-2sin—sin2a = dpcm).
5 1 (dpcm)

. X X .2 X X . X
. 2sin—cos—+2sin“—  cos— +8in—
sinx +(1—cosx) 2779 2 2

¢) Cachl. VT =

nx—(1- X B . X X . 2 X B X . X
S (1-cosx) 2sin=cos— —2sin* =  cos— —sin—
2 2 2 2

. X
sin—
2

1+
X X . X
COSE COS— +SIn—

VP = 2 _ VT (dpcm).
sini cosi—sin—
- 2 2 2
X
cos—
2t 1-t*
2 - 2 2
Céch2. Pitt=tan~.VT = 1+t et _ 2 2+2t
2 20 1= -2 42
1+t 1+t
1+tanX
2t(1+t 9
= tl+ )= 2 (dpcm).
2t(1-t) 1—tan X
2

Vi dy 35. Chiing minh céc biéu thitc sau khong phu thudc x :
a) A = —sin2x + 2cos” (45° —x)

3 .. 3 .
COS’X —cos3Xx  sin’X +sin3x
b)B= + .

COSX sinx

Giai
1+ c0s(90° —2x)
2

a)Tacod: A =—sin2x + 2( J = —sin2x +1+sin2x =1 (dpcm).

3 3 « .3 . : 3
c0s8”X — (4cos”x —3cosx) sin X + 3sinx —4sin”x
b)B= ( )+

COSX sinx
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- 3¢c0s°X + 3cosx N 3sinx —3sin>x

COSX sinx
=-3c0s°X +3+3—3sin’x =6 —3(cos’x +sin’x) =6-3=3 (dpcm).

Vi du 36. Tim m d€ bi€u thic sau khong phu thude x

A=m?2. sin(4x + gj —2sin2x(cos2x + msin2x) — (1 —m).

Giai
A = m?(sindx + cos4x) — 2sin2xcos2x — 2msin*2x — 1 + m

=m?sindx + m>cos4x — sindx — Zm(wj —1+m
=(m? —1)sin4x + (m? + m)cos4x —1

2
o e m--1=0
bé€ biéu thic khdong phu thudce x thi <49 m=0 ©m=-1.
m>+m=0

Viy v6i m = —1thi A s€ khong phu thudc x.

Vi du 37. Chiing minh ring cos~ cos3—n coss—n = —é‘
Giai
Taco:
. T i Sn 3n
2sm7 cos; 0057 0057
VT =
2sinE
3n
—sin—CcoS—CcoS— o
= 7 (do COS— =—C s—j
2si 7
sin —

4sinE !
7
T
sin— —sin— -
- = 7__2 (do sin— = —sin—j (dpcm).
. T 7
8sin—  8sin—
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Vidu 38.

. .y . I .
a) Chitng minh riing sin*x + cos*x =1——sin’2x

.4
in* =

16

b) Rt gon biéu thiic A =sin* - +sin* T—g +sin* f—z +5

Giai
a)DPit a=sin’xvib=cos’x =>a+b=1.

VT =a’ +b”* =(a+b)> —2ab=1-2ab =1-2sin’xcos’x
=1 —E(2sinxcosx)2 =1- %sin22x (dpcm).

.dn . (mow
e SinN— =s8in| ———
16 (2 16}

b) Vi =cos1
16

.5t . (m 3=m 3 i b
e SIN— =sin| ——— |=cos—; sin— =sin| ——— |=cos—
16 2 16 1 2 8 8
Nén A = sin41+cos41 + sin43—7t+cos4 3n
16 16 16 16
b 3n
=1-=sin’=+1——sin*== (4p dung cAu a
2 2 2 2 (ap dung )
=2—l sin2£+sin23—n =2—l sianJrcoszE =2—l—§‘
2 8 8 2 8 8 2 2
Viduy 39:
) N 1 4 1
a) Chitng minh rang T P
COs“X sin“2X sin“x
. 1 1 1
b)Rut gon: S= a+ . +t .
4cos® = 4%cos? — 4"cos® =
2 2"
Giai
a)TaC6: 4 _.12 = . 4 2_.12 = .24 2 _.12
sin“2x  sin“x  (2sinxcosx)” sin“x  4sin“Xcos“x  sin“x
1—cos’x sin’x
= = (dpcm).
sin’xcos’x  sin’xcos’x  cos’x P
b) Ap dung ciu a cho tirng s& hang ctia S, ta c6:
1 1 1
4cos23 sin’a 4sin22 (1)
1 B 1 B 1
420052% 4sin23 42sinzi2 @)
2
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1 1

1
n Za_n—1~Za_n~2a (n)
4%cos”— 4" sin S 4"sin” —
R . v 1 1
Cong (1), (2),..., (n) vé theo V€, ta dugc : S=— — "
sSin a 4nSin2 T
Vi du 40.
a) Ching minh : cosa = sn?Za
2sina
b) Rut gon:P = cosi-cos%---coszin-
Giai
. sin2a  2sinacosa
a)Tacé:——= - = cosa (dpcm).
2sina 2sina
b) Ap dung ciu a cho tiing s6 hang clia P, ta c6:
X  sinx
CcosS— = !
2sin§ (1)
2
X sinx
COS— " @)
2sin—
4
« sin——
cos— = 2 " (n)
2sin—

Nhén (1), (2), ..., (n) v& theo v&, ta duge : P=—2%

2“sinirl
Vidu 41.

a) Ching minh : tan3a = tana. tan(60° — ). tan(60° + )
b) Chitng minh :

tan3°tan17°tan23°tan37°tan43°tan57° tan63° tan77° tan83° = tan27°.

Giai

a) Ta céd:tan 30 =tan(a + 20)
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_ tano+tan2a 1—tan’q _ tana— tan’ a
1—tana tan 20 2tano 1-3tan’a
1—tanof ———
1-tan“a

_ ‘[an(x(x/?»_z—tan2 o) — tano.- J3-tana . V3+tana .
1- (\/gtanoa)2 1++/3tano. 1—+/3tana

tan60° —tano.  tan60° + tanol

1+ tan60° tano - tan60° tana
b) Ap dung cdu a,tacé: tan3’tan57°tan63° = tan9°

tan17°tan43°tan77° = tan51°

tan23°tan37°tan83° = tan69°

Suyra: VT =tan9’tan51°tan69° = tan27° (do 4p dung a) (dpcm).

=tana- = tana tan(60° — o) tan(60° + o).

Vi du 42:Gid st o, B 1a hai gid tri khdc nhau ciia x thda man phudng trinh

OSZE_ (a+c)? .

. . . . a
acosx + bsinx = ¢ v6i a® + b* # 0. Chting minh : cos® —c¢ =——
2 4(a”+b°)

Giai
Tir acosx + bsinx = ¢ = (acosx —c¢)* = (—bsinx)”
= a’cos’x —2accosx + ¢ = b*(1—cos’x)
< (a® +b?)cos’x —2accosx +¢> —b* =0(1)

Suy ra : cosa, cosp 1a hai nghiém cua (1)

2 12
¢ —b
Theo dinh 1i Vi-ét :cosa + cosp = ; cosa. cosP =
' P a’ +b? P a’ +b?
Do dé: cos? % cos’ B _I+cosa 1+ cosP _ 1+ (cosa + cosP) + cosa cosf
2 2 2 2 4

2ac N ¢t -b?
a?+b> a’+b> _ (a+c)’
4 4(a® +b?)
CHU PE 8 : CONG THUC BIEN DPOI

1+

(dpcm).

Vi du 43. Bié&n ddi tich thanh tdng :

a) A =2cos5xsinx b) B = 2sin4asina

¢) C =cos(a+30%)cos(a.—30%) d) D = 2cosxcos2xcos3x

e) E =4sin(a—b)sin(b—c)sin(c—a) f)F=4sin(2a —B)cos(2a +p).
Giai

a) Taco: A =2sinxcos5x =2 -%[sin(x +5x) + sin(x — SX)]
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=8in6x + sin(—4x) = sin6x — sin4x.

b) B =2sindasina =2 ‘%[005(4(1 —a)—cos(4a+ a)] = cos3a —cosSa.
c)C =% cos(a+30% +a—30") + cos(a +30° —a + 300)]= %(cos 20+ c0s60°)
=lcos 2a+l-
2 4

d) D =2(cos3xcosx)cos2x =2 -%(COS“-X +c082x%)c0os2X = cos4xcos2X + cos’ 2x

= %(0056)( + cos2x) + % = %(1 + 082X + cos4x + cos6x).

e)E=4 -%{Cos[(a —b)—(b—c)]—cos[(a—b)+(b— c)]}‘ sin(c —a)

=2[cos(a+c—2b)—cos(a—c)]sin(c —a)

= 2sin(c —a)cos(a + ¢ —2b) — 2sin(c —a)cos(a —c)
=sin(2¢c —2b) +sin(2b — 2a) + sin(2a — 2¢)
=sin2(c —b)+sin2(b—a)+sin2(a —c).

f)F=4 -%{sin[(2a—[3)+ (20.+B)] +sin[(2a—B) — (2a +P)1}

=2[sin4o +sin(-2p)] = 2(sin4a — sin 2f3).

Vi du 44. Bién ddi tdng thanh tich :

a) A =sin6a —sinda b) B =cos3p —cos5B
¢) C =cosx + cos2x d) D =1+ cosx + cos2x + cos3x

. . . 3
e) E = cos2x + cos4x + cosox f)F = sin’x + sin”2x + sin?3x _E
g) G = sinx + cosx h) H = cosx — cos2x + cos3x.

Giai
a) A =2cos 6o+ da sin 60~ 4a =2cos5a. sino.
b) B =—2sin 3P er P sin 3P ; P =—2sin4p sin(—f) = 2sin4p sinpf.
¢) C =2cos X +x cos XX = 20053—Xcos§‘
2 2 2 2

d) D =(1+ cos2x) + (cos3x + cosx) = 2¢08°X + 2c0S2XCOSX

3x X
=2c08X(C0S2X + cosX) = 4COSX00570055 .

€) E =(cosbx + cos2x) + cosdx = 2cos4xcos2x + cosdx

= 2cos4x(cos2x + %j =2 cos4x(cos2x + cos60?)
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2x+60°  2x-60°
COS

=4cos4xcos 5 =4cosdxcos(x + 30°)cos(x —30°).
f)F = 1-cos2x N 1-cos4x N 1-cosbx _E
2 2 2 2

= g - l(cos2x + cos4Xx + cos6x) — E
2 2 2

= —2cosdxcos(x +30°)cos(x —30°).

X+——-X X——+X
g) G =sinx + sin T x|=2sin 2 cos 2 = 2sin~cos| x -~
2 2 4 4

2
= \/Ecos(x - EJ .
4
h) H = (cos3x + cosx) — c0s2x = 2c082XC0SX — C0S2X

= 2cos,2x(cosx — %j =2c0s2x(cosx —cos60")

_ —4coszxsin(i + 30°jsin(§ - 300}
2 2

Vi du 45 : Tinh gid tri cdia cdc biéu thic :
a) A =sin15° sin75°
b) B = c0s20° c0s40° cos80°

¢)C =tan9° — tan27° — tan63° + tan81°
1
cos80

dD= —4¢0s20°

0

2 4z 6m
e)E =cos— +cos— +cos—-
7 7 7

Giai
a)A =%[cos(750 -15% - cos(750 + 150)]=%(c05600 —¢0s90%) :i-

b)B= %(008600 +¢0s20%)cos80° = icosSO0 + %COSSOO c0s20°

= —icoleO0 +i(coleO0 + cos600) =% ( do cos80° = —coleOO)

¢)C = (tan81° +tan9”) — (1an63" + tan27°) =— 0 o - 81%900 _
cos817cos9”  cos63”cos27
B 1 1 2 2 2(sin54° —sin18’)
"~ §in9° cos9’ - sin27%¢c0s27°  sin18° - sin54°  sin18%sin54°
_ 4c0s36"sin18°
~ sin18°cos36°
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1-4c0s80°c0s20°  1-2(cos100° +cos60”) 1-2cos100° —1

2.
c0s80° c0s80° —¢c0s100°

d)D=

e)Tacod: ZSinE E = 2Sin£COSZ—n+ 2sin£cos4—n+ 2sin£cos6—n
7 7 7 7 7 7 7

. T .3t . ® .5t . 3m ) . 5S¢
< | 2sin— [E =| sin— —sin— |+| sin— —sin— |+| sinw —sin—
7 7 7 7 7 7

& 2sinM)E = —sinE = E=—L.
7 7 2

Vi du 46. Riit gon cdc biéu thic :

b)B = sinx + sin3x + sinSx

COSX + Cc0S3X + cos5xX
¢) C =sinx(1+ 2c0s2x + 2¢cos4x + 2¢c0s6X)

d)D = Sinx +sin(x +y) +sin(x +2y)

cosX + cos(X +y) + cos(x + 2y)

Giai
a)Taco:

1+cos(n+xj 1-cos T

S A et

T 2
2C0S— COSX |=——COSX.
4 j 2

1
2

(sin5x +sinx) +sin3x _ 2sin3xco0s2x +sin3x

b)Tacé:B= =
(cos5x +cosx) +cos3x  2c0s3xcos2X + cos3x

_ sin3x(2cos2x +1)
cos3x(2cos2x +1)
¢) C =sinx + 2sinxcos2x + 2sinxcos4x + 2sinxcos6x

tan3x.

= sinx + (sin3x —sinx) + (sin5x —sin3x) + (sin7x —sin5x) = sin7x.
d) Tacé:
D- [sin(x +2y) +sinx] +sin(x +y) _ 2sin(x +y)cosy +sin(x +y)

B [cos(x +2y) + cosx] + cos(X +y) B 2cos(x + y)cosy + cos(x +y)

= sin(x+y) =tan(x +y).
cos(x+y)

Vi du 47.Chidng minh ring :
a) 4coso cos2a sindo, = sina + sin30 + sinSa + sin7o

b) sinasin(b — ¢) + sinbsin(c — a) + sincsin(a — b) = 0.
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Giai
a) VP = (sin7a + sina) + (sinSa + sin3a) = 2sin4o cos3o + 2sinda cosa
=2sin4o (cos3a + cosa) = 2sinda (2cos2a. coso)

=4cosa cos2a sin4a (dpcm).
b) VT =%[cos(a—b+c)—cos(a+b—c)+cos(b—c+a)—cos(b+c—a)

+cos(c—a+b)—cos(c+a—b)]=0.

Vi du 48. Ching minh ring :
a) cosx —%cos3x —%COSSX = 8sin’xcos’x

8cos*x —4cos’x —8cos’x + 3cosx + 1 7x X
= —tan?tana .

8cos*x + 4cos’x — 8cos’x —3cosx + 1

Giai
a) VT =cosx —%(COSSX + c0s3X) = cosx —l(ZCOS4XCOSX)
= cosX — cos4xcosx = cosx(1 — cosdx) = cosx(2sin’2x)

=2cosx(2sinxcosx)” = 8sin’xcosx.

4, 2, 3,
b)VT:SCOS X —8cos“x —(4cos” x —3cosx) +1

8cos*x —8cos’x + (4cos® x —3cosx) +1

B 8coszx(coszx —1)—cos3x +1

- 8cos?x(cos’x — 1)+ cos3x + 1

_ —8cos’xsin’x —cos3x +1  1—2(2sinxcosx)’ — cos3x

—8cos’xsin’x +cos3x +1 1—2(2sinxcosx)’ + cos3x

—2sin X sin X
_1-2sin?2x —cos3x _ cosdx —cos3x o, S

= ) - -
1-2sin“2x 4+ cos3x  cos4x + cos3x 20057%0053

7x X
=—tan—tan— (dpcm).
) (dpcm)

Vi du 49 : Chiing minh biéu thiic sau khong phu thudc x :

A(x) =sin*(a + X) — cos°X + 2c0sacosxcos(a + x).

Giai

42




C4cH.Taco:
_1-cos(2a+2x) 1+cos2x
2

A

+2cosacosxcos(a+x)

= —% [cos(2a+ 2x)+ cos2x] +2cosacosxcos(a+x)

=—cos(a+2x)cosa+2cosal cosxcos(a+Xx)]
=—cos(a+2x)cosa+ cosa[cos(a+ 2x)+ cosa] =cos’a (dpcm).
C4ch2.Pao ham :
A'(x) =2sin(a + x)[sin(a + x)]' — 2cosx(cosx)’
+ 2cosa[(cosx)'cos(a + x) + (cos(a + X)) cosx]
=2sin(a + x)cos(a + x) + 2cosxsinx
+2cosa[—sinxcos(a + x) — sin(a + X)cosx]
=[sin(2a + 2X) + sin2x] — 2cosasin(2x +a)
=2sin(a + 2x)cosa —2cosasin(2x +a) = 0.
Suy ra: A(x) 1a hing s6
Viy A(x) khong phu thudc x (dpcm).

Vi du 50. Ching minh trong tam gidc ABC, ta c6:
a) sin2A +sin2B + sin2C = 4sinAsinBsinC

b) sinA + sinB + sinC = 4c0sécosEcosE

2 2 2
¢) cos2A + cos2B + c0s2C = —1—4cosAcosBcosC
d) cosA + cosB+cosC=1+ 4sin%sin%sin%

e)sin’A +sin’B +sin’C =2 + 2cosAcosBcosC.

Giai
Céc bai ndy cé st dung két qué a, b, ¢, d vi du 16
a) VT =2sin(A + B)cos(A — B) + 2sinC cosC
=2sinC cos(A — B) + 2sinC[—cos(A + B)]
=2sinC[cos(A —B)—cos(A + B)]
=2sinC [-2sinAsin(—B)]
=4sinAsinBsinC (dpcm).
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b) VT =2sin A+B cos A-B + 2sin£cosE
2 2 2 2

A-B A+B C
+2cos cos;

= 2cosE cos
2

C A-B A+B
=2COSE cos 3 +cos

=2cosg 2cosécosE =4cosécosEcosE(dpcm).
2 2 2 2 2 2

¢) VT =2cos(A + B)cos(A —B) + 2cos*C —1
=-2c0sCcos(A —B)—2cos(A + B)cosC -1
=—1-2cosC[cos(A + B)+ cos(A —B)]
=—1-2cosC(2cosAcosB)
=—1—-4cosAcosBcosC (dpcm).

d)VT=2cosA+BcosA_B+1—2sin2£
2 2 2

A-B . C A+B
—2SIHECOS

=1+ ZSin%cos

. C A-B A+B
=1+ 2sin—| cos —Cos
2 2 2

=1+2sing —2sinésin —E =1+4sinésinEsing(dpcm).
2 2 2 2 2 2

1-cos2A 1-cos2B 1-cos2C 3
+ +

e)VT = =— —l(COSZA +c0s2B + cos2C)
2 2 2 2

1
= 3_ —(—=1-4cosAcosBcosC)
2 2

=2+2cosAcosBcosC (dpcm).

Vi du 51. Chiing minh trong tam gidc ABC, ta cé:
sinA + sinB —sinC

A B C
=tan—tan—cot—-
cosA + cosB —cosC +1 2 2 2

Giai
«DPidt M =sinA +sinB—sinC.Tacé:

A+B A-B

M = 2sin cos

. C C
—2sin—cos—
2 2

C A-B A+B C C A-B A+B
=2c0S—Cos —2cos cos— =2cos—| cos — oS
2 2 2 2 2 2 2

C . A B C. A.B
=2cos—| —2sin—sin| —— | |=4cos—sin—sin—-
2 2 2 2 2 2

«Pit N=cosA +cosB—cosC+1.Tacé:
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N=2cosA+BcosA_B +2sin2E
2 2
. C - . C A+B
=2sin—cos + 2sin—cos
2 2
. C A-B A+B
=2sin—| cos + cos
2 2 2
=2sinE 2cosécosE =4singcosécosE
2 2 2 2 2 2
. sinA + sinB —sinC A B C
Viy =tan—tan—cot—-
cosA + cosB —cosC +1 2 2 2

Vi du 52. Riit gon : S = cosa + cos2a +---+cosna v4i n € N *,

Giai
«Néua=k2n,keZ:S=n.
«Néuazk2n,keZ:

. a . a . a
S= ZSIHECOSZI + ZSIHE cos2a+---+ ZSIHE cosna

. 3a . a . 5a . 3a . 1 . 1
=|sin——sin— |+| sin— —sin— |+---+|sin| n+— |a—sin| n—— |a
2 2 2 2 2 2
. na n+l1
sin—cos| — ja
) 1 . a . na n+1 2 2
=sin n+— [a—sin—=2sin— cos| — [a=S= .
2 2 2 2 . a
sin—
2
C. BAI TAP TU LUYEN

CHU PE 1 : KHAI NIEM GOC (CUNG) LUGNG GIAC,
DAU CAC HAM SO LUONG GIAC- TiNH GIA TRI BIEU THUC

Bai tap 1. Pién vao cdc 6 tréng trong bing

S& do do

-30°

-150°

590°

Sé do
radian

il

3

Bai tap 2.
a) P3i s& do do ctia cung tron sau thanh s6 do radian :21°30’, 75°54',18°,
1845°.

b) Bdi s6 do radian clia cdc cung tron sau thanh s& do do: —8—;, 17429; :
n 30m

Bai tap 3. V4i mdi géc lugng gidc c6 s6 do—E,T,loooo. Tim géc lugng
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gidc c6 cung tia ddu va tia cudi vdi né ¢6 s6 do 1a sd duong nhé nhat.
Bai tap 4. Cho sd(Ou, Ov) =19°30" + k.360°, k € Z.

a) V6i k bing bao nhiéu thi sd(Ou, Ov) = 1819°30.

b) Géc c6sd(Ou,0v) =969°30' c6 phdi 1a mot trong cdc gée (Ou, Ov)?
Bai tap 5.Choa = 40° +k.360°, k € Z. X4c dinh céc gbc . sao cho| a| <360°.
Bai tap 6. Tinh cdc gid tri cdc biéu thic :

a) A = 5¢0s0 — 2sin— — 8cot
2 2

b) B = 2cos’n + 4sin’ % —3tan’ I

¢) C = tan420° + +/3sin780° — 2c0s1470°

2[tan(o — ) + sina Jcosa

d)D= _ (choa=60",p=30°).
cos3a + sin9P
Bai tap 7. Xdc dinh dau cda :
a) c0s232° b) cos238° tan136"
2 . 3n . 0 0 0
c) cot? sin —? d)sin(270" —a) (0" <a<90").

CHU PE 2 : HE THUC CO BAN

Bai tap 8. Tinh cdc gid tri lugng gidc cla géc o trong mdi trudng hgp sau :

a)sinotz—lvéin<(x<3—7t b) tana, =2 V(ﬁ—TE<0.<—£-
3 2 >
Bai tap 9. Cho sina=—— v6i X < < Tinh gid tri cita bidu thite A = <241
25 2 coto—1

A , e o e ) 3sina + 2cosa
Bai tap 10. Cho tana = —2. Tinh gid tri cua bi€u thic :A = —————-
cosa — 2sina

Bai tap 11. Rt gon céc biéu thifc sau::
a) A =sin’a +sin’a tan’a
1-2sin’a
b)B=——
sina + cosa

c)C= sinza(l + cota) + cos’a(1 + tana)

d)D:\/lJrcosa Jr\/l—cosa

1—cosa 1+ cosa
2
e)E 1+.cosx [1_ (1 .C(;SX) }
sinx sin“x
f)F 2sino N 1 1

cos’a, 1+sina 1-sina
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Bai tap 12. Chirng minh:
a) sin*x —cos*x = 2sin’*x — 1

b) cot’x — cos’x = cot*x cos’x

2 2
¢)| sinx + —— | +| cosx + —tan"x—cot'x =7
sinx COsX

d) sina, cosa tan’o + 1
coso.+sina  coso—sina  tan’a—1
e) sinx +cosx —1 2cosx
l-cosx  sinx —cosx +1

f) cosx(l + ! + tanxj(l - ! + tanxj = 2sinx
coSXx COSX

sinx + cosx

2) Tzcot3x+cot2x+cotx+l
sin” X
COSXCOtX — sinxtanx )
h) =1+ sinxcosx
1 1
sinXx  cosx

Kk COSX + tanx g cos2 X+ tanzx
1+ cosxcotx 1+ cos? xcot>x
Bai tap 13. Chitng minh cdc biéu thitc sau khong phu thudc x :

sin*x + cos*x —1

a)A=
sin®x + cos®x —1
1 (1-cot’x)’
b)B=—-> 2. 2
4sin“X cos“x 4cot”x

1+sinx 1-sinx

1 1 L. T
¢)C= + - COSX V0'15<X<T[
dD=3(1- 2c0s°x)(sin*x + cos*x) + 4(cos®x — 2sin®x) + 6sin*x
B sin®x  cos®x  sin®x N cos®x N sin*x

e)E= - -
8 8 3 6 4

Bai tap 14. Tim m d€ bi€u thic sau khong phu thudc x :

A = m(sin®x + cos®x) + 2(sin4x +cos*x)

sin®x N cos®x _L.
27 125

. 4 4
Bai tap 15.Cho sz X+ CO; X :%-Chfl’ng minh

CHU PE 3 : GOC (CUNG ) LIEN KET

Bai tap 16. Tinh: cos120°, cos% , sin(— 167“} tan570°.
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Bai tap 17. Riit gon cdc biéu thic :

a)A =tan2n—x)—tan(mt—Xx) + tan(x —gj

b)B= cot(E + Xj + cot(x + 3—nj - cot(x —S—T[j - cot(x —Ej
2 2 2 2
3 2 2
¢) C= {sin(2n —o)+ sin(% — aﬂ — {cos(Sn —o)— cos(a —gﬂ :

Bai tap 18. Tinh:

(cot34° +tan236°)cos416°
c0s326°

1 25in2550"sin98"

" tan188° 2008638 +sin188"
Bai tap 19. Chiing minh trong tam gidc ABC, ta c6:

—cot71%cot19°

a)A=

a) tan(#} = cot% b) cos(A + B—3C) = —cos4C.

CHU BE 4: HAM SO LUGNG GIAC

Bai tap 20. Tim tap hgp x4c dinh cla cdc ham s3 :

a) _ 1 —sinx byy = tan| 3 T

y 2sinx y=tan x 4
X T 5x

¢)y=cot| —+— d)y=cos| ——

'y [2 3j 'y (J

e)yzgvsinx f) y =+/1—-2cosx.

Bai tap 21. Xét tinh chdn -1& cla cdc ham s6 sau:

a)y =4sinx b) y =3+ 5cosx
cy= 25in§ + cosx dy= |tanx|
4
e)y= |x|cosx fy= =
sinx + tanx
g)y= M h) y = sinx + 2tanx + 3cot3x.
sinx
Bai tap 22. Tim chu ki clia cdc ham s8 sau:
2Xx m . X
a)y=cos| —+— b) y = 2sin2x + cos—
)y ( 3 4} 2
c)y =sin%2x d)y =2C052(X—%J'
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Bai tap 23. Tir d thi clia ham s8'y = cosx , suy ra do thi clia cdc ham s6 sau

day va vé& dd thi cda cdc ham s§ d6

a) y =—cosx b)y =2 —cosx
cy= —cos(x —gj d)y-= |cosx|
e)y=1+|cosx| Dy=1—|cosx|-

Bai tap 24. Xét ham s8 y = f(x) = sin%
a) Chitng minh : Vi moi s6 nguyén k, f(x + k4n ) = f(x), Vx.

b) Lap badng bié&n thién clia ham s8 y = f(x) = sin% trén doan [-2m; 27]

¢) V& dd thi ciia ham s8 y = f(x) = sin%-
Bai tap 25. Tim gi4 tri I6n nhat va gid tri nhd nhét cla :

a)y=2sin(x—§j—l b) y =+/1+sinx - 5.

CHU DE 5 : TINH GIA TRI BIEU THUC BANG CACH
DUA VAO PHUONG TRINH
Bai tap 26. Tinh : T = —— + 1 lsn .

i 3n
COS— COS— COS—
7 7
(Trichdé thi dénghi HS@hu vuePBSClngim 2009
A . T 2n 3n
Bai tap 27. Tinh : E = cos* = +cos* == +cos* —
7 7 7
(Trichdé thi dénghi HS@hu vuePBSCLngm 1998

CHU PE 6 : CONG THUC CONG

Bai tap 28.Cho sinaz%,cosﬁz% va §<a<n,0<B<g‘Tinh sin(a + ).

Bai tap 29. Riit gon cdc biéu thiic :
a) A = cos(a+B)cos(o— ) —sin(a + B)sin(a — )
_ tan(o+B) —tan(a—B)
1+ tan(a + B)tan(a — )

¢) C=1-(sina cosp — cosa sinB)2
d) D =(1+ tanp tan2p)sin2p.
Bai tap 30. Tinh:

a)A =%(sin150 +tan30°cos15°)
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) _coslSOJrsinIS0 ¢)C= P .
 cosl15° —sinl5° cos—n cosl
9 18

Bai tap 31. Chiing minh :
1+ cota cotb 3 cos(a—b)
1-cota cotb cos(a+b)

tan’o — tan°p
1—tan’o tan’p
cos(a—b)cos(a+b . .
c) ( z ( > ) = —sin’a sin’b
1—cot“acot”b
tano +tanf} tano —tan
P_ b =—2tano tanp.
tan(o + ) tan(a —p)

=tan(a —fB) tan(a +f3)

Bai tap 32.Choa,be (0; gj, tana =%, tanb = % -Chitng minh:a+b= g

Bai tap 33. Cho coso = —% véi g <o<mTinhA= tan(a —%)

Bai tap 34.Cho cos(a + b) = 0. Chiing minh :sin(a + 2b) = sina.
Bai tap 35. Chiing minh cdc bi€u thic sau khong phu thude x.

a)A= sin(E — xjsin(E + Xj —cos’x
3 3
b)B= cosz(g - xj + cos’ (% + Xj + 0052(2?7: - Xj + cos? (2% + Xj —2sin’x.

cos(x—y)
3
Bai tap 37.Chiing minh trong tam gidc ABC, tacé :

Bai tap 36. Tinh tanx tany néu bi€t cos(x +y) =

. B . C B C .
a) sin—sin— — c0OS—Ccos— = —Sin—
2 2 2 2

b) sin(A — C) —sinB = —-2cosAsinC
¢) tanA + tanB + tanC = tanAtanBtanC
(v6i A,B,C 1a ba géc nhon cua tam gidac ABC).
R {acosa +bcosp=0 (D)
Bai tap 38. Cho
acos(a+@)+bcosB+9)=0,p#kn,keZ (2)
Chitng minh : acos(a + x) + bcos(f + x) =0, Vx.
Bai tap 39. Chiing minh néu a,b,c € R thi (gid st bai todn da xdc dinh)
a-b b-c c¢c—-a a-b b-c c-a

+ + = . . st dung phuong phd
1+ab 14+bc 1+4+ca 1+ab l+bc 1+ca( nep & phap

lugng gidc ).
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CHU PE 7 : CONG THUC NHAN

Bai tap 40. Chosinx = —% vl m<x < 37“ Tinh sin2x, cos2x.

Bai tap 41. Cho tan% = 2. Tinh A = SO5%F 3%,
2 2cosa —sino

Bai tap 42. Chosina +cosa = 77 Tinh sin2a, cos4a, cot%‘

Bai tap 43. Tinh:
a) A =sin10°sin30°sin50"sin70°
sin45°
sin*15° — cos*15°
» 5w
12

b) B =35sin15°cos15° +

¢)C= tan2£+tan23—n+tan
12 12

d) cos72°.

Bai tap 44.
a) Ching minh : tan’a + tan®(60° —a) + tan?(60° + a) = 6 + 9tan*3a
b) Tinh: S = tan>5° + tan?10° + tan*15° +--- + tan?80° + tan>85°.

Bai tap 45. Riit gon céc biéu thic sau :

1+ sin2x b)B = w
AA=—""—"> ) 0
(sinx + cosx) 2cos 5
c)C= 4cos*a—2cos2a —lcos4a d)D= 1 +cosa -tan’ e cos’a
2 1—cosa
e)E cos2o. f)F = cosda+1
sin®2a(cot’o — tana) coto —tana,
o m) 1-sina ; ) 3
g)G=tan| —+— | h) H = cos3xcos”x + sin3xsin”X.
2 cosa,

Bai tap 46. Ching minh :

sin“a + 2sina cosa — cos”*o

a) =cos2a
tan2o—1
. 3+ cos?2a)cos2a
b) cosa —sin®o = ( )
4
cota + tana
—————=2cot2a
1+tan2a tana

2sina —sin2a 5 O
d = tan” —
2sino. + sin2o 2

e) cosda —sinda cot20 = cos2a — 2cos’a
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sin*a — cos*a + cos’a X

cos” —
D 2(1—-cosa) 2
1+sin2a T
g) —————=cot| ——a
cos2a. 4

2sin’ (Z — aj
h ——— = cot(E + aj
4

cos20

sin®2a+4sina—4 1 4
k) — =—cot o.
1-8sin“a—cosda 2
Bai tap 47. Chiing minh:tan1° +tan5” +tan9+---+tan173° + tan177° = 45.
( Trich &€ thi 4é nghj HSG PBSCL 1999)
3sin’o + 25in2[3 =1(1)
3sin20 —2sin2f =0(2)

Bai tap 48.Gid stta,p (0;§j thda man {

Chting minh : o + 2 =§
Bai tap 49. Gié st o, B 1a cdc gid trj khdc nhau cia x théa man phuong trinh
2

o-p__c
2 a’+b?

acosx + bsinx =c,a’ + b #0. Chitng minh : cos’

Bai tap 50. Riit gon : S = sin’ %+ 3sin’ %+---+3“’1sin3 2

Bai tap 51.
a) Chiing minh : tanx = —2cot2x + cotx

b) Rit gon : S =ltan3+%tan%+---+itani-
2 2 2t 2"
Bai tap 52.

a) Chitng minh : tan”a tan2a = tan2a — 2tana

b) Riit gon : S = tan” X tanx +2tan’ iztani +o 2™ tan? X tan o
2 2 2 2" 2"
Bai tap 53.
a) Chiing minh : 1 + —— 4122
cos2a  tana

b)Rﬁthn:P=(1+ ! 1+ ! 1.,_;1,
CcOSX COS2X cos2" ' x

Bai tap 54.
a) Chitng minh : 2cosa —1= 2cos2a —1
2cosa +1
, . n-1 2c0s2"x +1
b) Chitng minh : (2cosx —1)(2cos2x —1)---(2c0s2" 'x —1) = —"— .
2cosx + 1
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CHU PE 8 : CONG THUC BIEN DPOI

Bai tap 55. Bi€n ddi tich thanh tong :
a) A =2sinda cos2a.
b) B=2cos3a cos5a
¢) C =2sin(3a + 2P) sin(o. — )

3X+y-COS3X_y
2

e) E = 4sina sin2a sin3o.
Bai tap 56. Bi€n ddi tdng thanh tich :
a) A =sin(x + o) —sinx
b) B =sin(a + B) + sin(a. — )
¢) C=cos(2x +y) + cos(x + 2y)
d) D=1+2cosx

e) E = cos’a — cos’p

d) D =sin

f) F = sinx + cosx + sin2x + cos2x + sin3x + cos3x

g) G =sina + sin(a + B) + sin(a + 23)

h) H = cos2a + cos2b +sin2(a + b)

k) K =1-cosx + sinx.
Bai tap 57.Cho A + B + C = n. Bi&n ddi tong thanh tich :

a) sinA —sinB —sinC b) cosA + cosB —cosC +1.
Bai tap 58. Tinh:

a) A = c0s10°c0s50°cos70°

b)B= cosE - cosz—n + cos3—n

7 7 7

B tan80° cot10’
~ tan75° + tan25° - cot75° + cot25°
d) D =tan9° + tan15" —tan27° — cot27° + cot15° + cot9°

¢)

e)E=2cos£— ! - coszE—?)sinZE
7 2c0s ™ 7 7
coS—

f)F= cosﬁ + cosﬂ— cosﬂ— cosl-
15 15 15

Bai tap 59. Ching minh:
a) sino, — sin2a + sin30 = 4cos37a cosa, sin%
b) sin’ (o + B)— sin’o — sinZB = 2sino sinf} cos(a + )
¢) sinSa + sin3a — 2sin2a cosa = 2sin2a cos3a
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d)1—cos(2x — 1) — cos(4x + ) + cos(6x —21) = 4c0oSX COS2X COS3X

. (= (= sin3x
e)sinx sin| ——X [sin| —+X |=
(3 j (3 j 4

f) cos6xcos2x + sin5xsin3x = cos3xcosx

g) sin’ oty +sin’ oty-p + 2sin atPoy sin aty-p cosa = sin’a
2 2 2 2

h) cos10x + 2cos?4x + 6c0s3XcOSX — COsX — 8cosxcos’ 3x = | — cosx.

Bai tap 60. Ching minh:
a) 9 —8sin50° = (1+4sin10°)?

83 20°

b) tan30° + tan40° + tan50° + tan60° = Tcos

0 1 N 1
. T . 2 . 3m
sin— sin— sin—

7 7

Bai tap 61. Ching minh:
cos(a+ ) —cos(a—B) — tana

sin(a + ) —sin(a — )

sin2x —sin3x + sin4x

b) =tan3x

082X — 083X + cosdx

sinfa—b) sin(b—c) sin(c—a

(a=b) sinb-c) sin(c-a) _,
cosa cosb cosbcosc cosccosa
sina + sinb + sinc —sin(a + b+ ¢) a+b b+c c+a

d) =tan tan tan .

cosa + cosb + cosc+cos(a+b+c) 2 2 2

Bai tap 62. Ching minh cédc biéu thifc sau khong phu thudc x :
a) A = sin’x + sin’ (g - x) +sinx sin[g - x]

b) B = cos’x — 2sina cosx sin(a + x) + sin’(a + x)
¢) C =u” —2uvsin(a—p) + v* (cho u = cos(x — a), v = sin(x — p))

d) D =tan2a tan E—on +tan2o tan E—on +tan E—a tan E—a .
6 3 6 3

Bai tap 63.
Chitng minh néu cos ¢ = cosa cosb thi tan (p;r a tan? = tan’ g

(aigﬂm,b¢(2n+1)n,k,nezj-

Bai tap 64.Chdng minh:
go SN m®) 3 oS0 A gy L0 thi cos(a—p) =

sin(x =) b’ cos(x—P)

aA+bB'
aB+DbA
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cOsX +cosy =a e .
,a,b # 0. Tinh gid tri cua sin(x +y).

Bai tap 65. Cho{ . .
sinx +siny = b

D. HUGNG DAN GIAI BAI TAP TU LUYEN

CHU BE 1 : KHAI NIEM GOC (CUNG) LUGNG GIAC,
DAU CAC HAM SO LUONG GIAC- TiNH GIA TRI BIEU THUC

Bai tap 1.

S6 do do -30° -150° 135° —660° 590°
6d0 |z [ _sm [ 3 [ Uz | 5o
radian 6 6 4 3 18

Bai tap 2.
a)21°30’=Mz 0,375 rad 75054'=75ﬂz 1,324 rad
180 180
0 T 0 417[
18" =—rad 1845" =——rad
10 4
b) —%"rad —_480° 149(;‘ rad =37°15'.

Bai tap 3.
« Né&u géc lugng gidc c6s8 do a thi ta cin xdc dinh s6 nguyén k dé

0<a+k2n <2m, khi d6 o +k2m1a géc can tim

. L - PP SRR £
+ Véioa= D) thi k =1, s0 dudng bé nhat can tim la o

+Véia= % thi k =2, s6 duong bé nhat cin tim 12 277[

« Né&u géc lugng gidc c6s6 do a’ thi ta cin xdc dinh s6 nguyén k dé
0<a’+k360° <360°,khi d6a” +k360° 1a géc can tim
+Véia® =1000° thi k = -2, 58 duong bé nhét cin tim 12 280°.
Bai tap 4.
2)19°30'+k.360° =1819°30'=> k =5¢ Z.

b) 19°30"+k.360° =969°30'= k = % ¢Z
Do d6 gid tri nay khong phdi 12 56 do ciia (Ou, Ov).
Bai tap 5.
400 320

o] <360° < -360° <40° +k.360° <360° < 300 “X5%e0

VikeZnéntachon: k=-1,k=0
+k=-1:0=40"-360° =-320°. k=0:a=40°
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Bai tap 6.
a)A=3
b)B=-6

¢) C = tan(360° +60°) ++/3sin(2. 360° +60°) — 2cos(4. 360° +30°)
= tan60° +\/§sin60° —2¢0s30° = \/§+\/_-£— \/5 = 3
2 ]2

2(tan30° +sin60°)cos60° B ( 3
cos180° +sin270° —1-5sin90° -2 12

6 __5\/5_

d)D=

Bai tap 7.
a) Vi180° < 232° < 270° = c0s232° <0

b) {0052380 <0 (do180°<238° <270%)

= ¢0s238" tan136° >0
tan136° <0 (do90° <136° <180°)

cotﬁ>0 d00<ﬁ<E
5 5 2

sin e <0 do—1c<—3—7t<—E
5 5 2

d) Vi0® <0<90° =270° >270° — 0. >180° = sin(270° — o) < 0.

¢)

CHU PE 2 : HE THUC CO BAN

Bai tap 8.
a). Tinh cosa : cos’a =1—sin’a —§: cosa = —%
. Tinh tano: tano = Sne L
cosa 2\/5
« Tinh cota: cota = = 2\5 .
tana
. 2 1 1
b).Tinh cosa: 1+tan“a = 5 :>cosa—— do— n<a<——
cos“a 5

« Tinh sina.: sino = tana coso =2 - (— —j =

Js ﬁ

« Tinh cota.: cota = ! = l
tano. 2
Bai tap 9.

. Tinh cosa: cos’a=1-sin’0= ﬂ = cosa, = —ﬁ
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cosa 24
« Tinh cota.: coto =——=——
sina, 7

-Dodé:A=1—7‘
31
Bai tap 10.
+Vitano=-2=cosa =0

C e e x 3tano +2 4
+ Ta chia ttr va mau cua Achocosa#0,tadugc . A=——— =——

1-2tana 5
Bai tap 11.
a) A =sin’a(1+tan’a) =sin’a- —= tan’a.
cos“a
cos’a+sin’a—2sin’a cos’a—sin’a )
b)B = = = cosa —sina.

sina + cosa sina + cosa
¢) C =sin’a + sin’a cota + cos’a + cos’a tana = sin’a + 2sina cosa + cos’a

= (sina + cosa)’.

V1+cosa \/l—cosa_l+cosa+1—cosa 2

dD= = =
Nl1-cosa +/1+cosa \/1 —cos’a |s1na|
2
e)E 1+.cosx - (1—cosx) _ 1+.cosx [z 1—cosx
sinx (1 —=cosx)(1+ cosx) sinx 1+ cosx
= 2C.OSX =2cotx.
sinx

_2sino;  1-sino—1-sina _ 2sino—2sina 0

= + - - =
cos’o  (1+sino)(1—sina) cos’a,
Bai tap 12.

a) VT = (sinzx - coszx)(sinzx + coszx) =sin’x — (1- sinzx) (dpcm).

2 2 : 2
cos”X cos“x(1—sin"x
b) VT =———- s?x = (_ > ) = cot’x cos’x (dpcm).
sin“x sin“x
.2 . 1 2
¢) VT =sin“x + 5 +2s8inX -—— + CcOs“X + 5 +2CcosX - -
sin“x sinx Ccos“x Cosx

tan’x — cot’x
=5+(1+ cotzx) +(1+ tanzx) —tan’x —cot’x =7 (dpcm).

sina(cosa —sino) — coso(coso +sina) sin’a + cos’a

d) VT = 2 -2 ) 2

cos“a—sin“a sin“o—cos”a
sin’a + cos’a

cos’a _ tan’a + 1

=— (dpcm).
sina—cos’a  tan’a—1

COSZ(X
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o) sinx +cosx —1 2c0sx

sinx + (cosx —1) 2cosx
PN _

1-cosx sinx —cosx + 1

< sin’x — (cosx — 1)? = 2cosx(1 — cosx)

1—cosx sinx —(cosx —1)

< sin’x — (cos’x —2cosx + 1) = 2cosx — 2cos’x

& sin’x + cos’x = 1 (dling) = dpem.

f)VT = cosx{(l + tanx) + L} . [(1 + tanx) — ! }
COSX COSX

= cosx{(l + tanx)2 -

sin®x  sin’x  sin’x

i 1
o) VT = SinX_ | cosx _ +COtX[

= dpcm.

COSX . sinx
COSX - —sinx -

h) VT = sinx

1 .
3 } = cosX. (2tanx) = 2sinx (dpcm).
COs”X

> j =1+ cot’x + cotx(1+ cot’x)

COSX _ cos’x —sin’x

1 1

sinX  CcosX

COSX — Sinx

_ (cosx — sinx)(cos’x + cosxsinx + sin*x)

COSX — SInx

2

+
K) VT = COSX + tanx

1+cosx-
tanx

So sédnh hai v€ = dpcm.
Bai tap 13.

= tanzx;

=1+ cosxsinx (dpcm).

COSZX + tanzx

1+ cos’x-

= tanzx

tanzx

a =sin’x
a)+ bit =a+b=1.
b =cos’x
2 2_ 2_ _ _ _
+A=a3+b3 1: (a+3b) 2ab-1 =1 2ab lzg(dpcm).
a’+b’-1 (a+b)’—3ab(a+b)-1 1-3ab-1 3
a =sin’x
b) + Bt =a+b=1.
b = cos’x

1——

( bjz
2 2
+B= | a) 1 (a-b)” a =1—[(a+b) —4ab]

4ab 4b 4ab
a
_1-1+4ab

=1(dpcm).
4ab (dpem)

4ab



+ COSX

1—sinx + 1+ sinx
¢)C= — - COSX = S— - COSX =
1—sin“x COS“X —COSX

=2 (do g <x< nj (dpcm).

a=sin’x
d) + bat =a+b=1.
b = cos’x
+D=3(1-2b)(a’ +b?)+4(b> —2a%) + 6a*

=3a’ —6a’b +3b> —6b> +4b> —8a® + 6a
=3a’ +3b% +6a’(1-b)—2b> —8a’
=3(a’+b*)-2(a’ +b*)(do 1-b=a)
=3(1-2ab)—-2(1-3ab)=1(dpcm).

a =sin’x
e) bit =a+b=1.Taco:
b=cos"x

a*-b* a’-b® a® a2
E: —_ _—t—
8 6 6 4
_(a+b)@a-b)@’+b’) (a-b)@a’+b*+ab) a’ a’
8 6 6 4
—(a—b)(a’ + b* +4ab)—4a’ + 6a’
24
_ _ _ _ 3 2
_ (2a 1)[1+2a(214 a)]—4a’ +6a (dob=1-2)

_ _ 2 _ 3 2
=(1 2a)(—2a“ +2a+1)—4a’ +6a =i(dpcm).
24 24

Bai tap 14.
a=sin’x
bat =a+b=1.
b =cos’x
A=m(a’ +b’)+2(a’ +b*)=m[(a+b)’ —3ab(a+b)]+2[(a+b)* —2ab]
=m(1-3ab)+2(1-2ab)=m+2—-ab(3m +4)

N . e 9 . z 4
Yéu cau bai todn ta phai co:3m+4=0<:>m=—§-

Bai tap 15.
. u+v=1 (D
_ |u=sin"x A N
bit R .Tacéhé phuong trinh:< ;2 2 |
vV =C0s"X 7+?:§ 2)

Tr (I)=>u=1-v(3)
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(1-v)* +ﬁ 1

Thé (3) vao (2): > 3 =§<:>15(1—2V+v2)+10V2=6

<:>25V2—30V+9=0:>v=%; (3):>u=%

. 8 8 4 4
Dodé:smx cosx:u_+v_=L‘
27 8 27 125
CHU PE 3: GOC ( CUNG) LIEN KET
Bai tap 16.

«c0s120° = cos(180° —60°) = —c0s60° = —%

497 497 1 3
«COS—— =COS| —— — 87 |=cos—=——
6 6 6 2

. ( 16nj ) ( 16m j ) (
e8in| ——— [=—sin| ——— + 57 |=—sin| —
3 3

«tan570° = tan(570° —3.180°) = tan30° =

N——
Il
w
-
=)
w3
Il
St

w3

w| &

Bai tap 17.

T
a) A =tan(—x) +tanx — tan(E - Xj = —tanx + tanx — cotx = —cotx
3n Sn o
b) B=—tanx+cot| x+——7 |—cot| x——+ 31 |+ cot| ——x
2 2 2
= —tanx —tanx + tanx + tanx = 0

2 r 2
¢)C= {sin(—a) - sin(%E —-m— aﬂ —| —cos(—a)— cos(g - aﬂ

2
= {sin(—ot) - sin(g - aﬂ — (—coso. —sina)?

= (—sino — cosa)® — (—cosa —sina)* = 0.
Bai tap 18.
a). tan236" =tan(180° +56°) = tan56° = cot34°
. cos416° = cos(360° +56") = cos56° =sin34°
« c08326° = cos(360° —34°) = cos(-34") = cos34°
« cot71° =tan19°
A =2cot34° tan34° —tan19° cot19° =2 -1=1.
b).tan188" =tan(180° + 8") = tang’
«sin2550° =5sin(30° +7.360°) = sin30° = %
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. 5in98° =5in(90° + 8") = cos8’
« c08638° = cos(720° — 82°) = cos(—82°) = c0s82° =sing’
«sin188° =sin(180° + 8") = —sin8°

0
B= ! TR cgs8 — =cot8’ —cot8’ = 0.
tan8~ 2sin8" —sin8
Bai tap 19.

ViA,B,Cla ba géc cia tam gidc ABCnén A+B+C=nx

A+B-2C n—3C n 3C 3C
a)tan ———— |=tan =tan| ——— |=cot—
2 2 2 2 2

b) cos(A + B—3C) = cos(n —4C) = —cos4C.
CHU DPE 4: HAM SO LUGNG GIAC

Bai tap 20.
a)D=R\{knkeZ}

b)y xdc dinh khi3x - % £ X+ knk e Z < x £ *+ X keZ.
472 4 3
A A 0 1s . . n kn
VaytapxacdmhcuahamsodacholaDzR\{ZJr?,keZ}-
c)yxécdinhkhi%Jr%¢kn,keZc>x¢—2?n+k2n,keZ.
Vay tap xdc dinh cia hAm s& dachola D =R\ {—2?“ +k2n,k e Z} :

d) y xdc dinh khi

s——xdcdinh & x # +1.
x =1
Vay tap xdc dinh ctia ham s3 ddcho1a D=R\{-1,1}-
e)y xdcdinh khisinx>0 < K2n<x<n+k2n,keZ.

Vay tap xdc dinh clia ham s& dacho1a D = [k2m; n + k2n], k € Z.

f)yxécdjnhkhicosxS%@§+k2nsxSs?n+k2n,keZ.

Vay tap xdc dinh clia ham s6 dachola D = {% + k21c;5?7t + k27c}k YA

Bai tap 21.
a) Ham so 18.
b) Ham s6 chin.

¢) Ham s6 da cho khong chin, khong 18.
d) Tap xdc dinh D = R\{§+ kn,k e Z}
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VxeD=-xeD
Tacéo:

= f 12 ham s6 chin.

f(—x) = |tan(—x)| = |— tanx| = |tanx| =1f(x)

e) Ham sd chin.
cosx =0

f) y x4c dinh khi { ]
sinx + tanx # 0

Tép xécdinthR\{%,keZ}
vxeD=-xeD

Tacé: o) = 2(—x)*

2x*

= {12 ham s6 1é.

g) Goi f(x) = COSX‘+ tanx
SInx

,xzkm,keZ

sin(—x) + tan(—x)  sinx + tanx

) kn
< sinxcosx # 0 < x ;t?,k eZ.

f(x)

Do f(—x) # +f(x) nén ham s& da cho khong chin, khong 18

Ching han : f(—gj = 2-42 * if(ﬁj ==

V2
h) Ham s0 18.
Bai tap 22.

a) Chu kicda hamsé cantim1a T =

4

w\l\)|§f

NG

=3m.

b).sin2x céchukilam ; cos% c6échukiladn

-Suy ra:y =2sin2x + cos% cochukila 4n.

cy= sin?2x =%(1 —cos4x) ¢ chu ki la

d)y = 2cos’ (x —%) =1+ cos(2x —gj c6 chukila

Bai tap 23.
a)

2n ®

V242

27
— =T
2
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«V&dd thi y = cosx ( dd v& & phan Kién thiic can nhd)
«Ddi xttng dod thi y = cosx qua truc hoanh.
b) D€ vé d thi y = 2 — cosx ta ti€n hanh cédc budc sau :
«V&do thiy = —cosx (dd vé 8 ciu a)
«Tinh ti&€n dd thi y = —cosx theo truc Oy 1én phia trén mdt doan c6
d6 dai bing 2.

2~ 3A . T N N 2 P
c)bé védothiy = —cos(x - Zj ta tién hanh céc budc sau:

« Védd thiy = —cosx (dd vé § ciu a)
« Tinh ti€n d6 thi y = —cosx sang phdi theo truc Ox mot doan c6 dd dai

>

o
bang —-
g4

) cosx néu cosx > 0
d)Taco: |cosx| = .
—cosx néu cosx <0
Péveddthiy = |cosx| ta ti€n hanh cdc budc sau:
« V&do thi y = cosx (d3 vé& & phan Kién thiic cAn nhd)
. Giitnguyén phan dd thi y = cosx & phia trén truc hoanh x'Ox
. LAy ddi xiing cdia d thi y = cosx § phia dudi truc hoanh x'Ox qua
truc x'Ox; bd phan db thi y = cosx phia dudi truc x'Ox.
y

1

W\/\/\

S
S EY
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e) D& vé dd thi y =1+ |cosx| ta ti€n hanh cdc budc sau :
- V& dd thi y =|cosx| (ddve d caud)

«Tinh tién dd thiy = |cosx| theo truc Oy 1én phia trén mot doan c6 dd

dai bing 1.
y
2
W W
| | | |
| J | |
3n _r 0 x 3n X
2 2 2 2

f)Veddothiy=1- |cosx| (hoc sinh tu 1i luén).
Bai tap 24.

a) f(x + kdn) = sin(x +2k4”) - sin(% + k2n) - sin% — f(x).

b) Bdng bién thién

X -2n -7 0 o 2n
x| n 0 L4 -
2 2 2
X 0 1
sin— 0
¢) V& db thi
y
,,,,,,,,,,,,,,,,,,,,,,, 1 | _ e
\ —“lt 0 :
o : i 2"\
—1
Bai tap 25.

a)Tacé: —ISsin(x—gjsl,Vx:>—2S2sin(x—§j£2,‘#x:>—3Sy£1

Vay miny=—3c>x=—%+k2n,keZ

maxy=1c>x=?27n+k2n,keZ.

b)Taco: 0<1+sinx <2=0<+/1+sinx Sﬁ:—SSyS\E—5
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Vay miny=—5<:>x=—§+k2n,kel
maxyzﬁ—5®x=§+k2n,kel.

CHU DBE 5 : TINH GIA TRI BIEU THUC BANG CACH
DUA VAO PHUONG TRINH
Bai tap 26.

Tacé: g, 377[ 577t la ba nghi€m clia phuong trinh cos3x + cosdx =0

< (4cos’x —3cosx) + (8cos*x —8cos’x +1) =0
< (14 cosx)(8cos’x —4cos’x —4cosx +1)=0
< 8cos’x —4cos’x —4cosx +1=0 (do1+cosx # 0)

T 31 3n Sn Sn i
COS—COS— + COS— COS—— + COS— COS —
7 7 7 7 7 7

OTZ :4

i 3n 5w
COS— COS— COS——
7 7 7

(Ap dung dinh Ii Vi - ét).
Bai tap 27.

Ta cé:cosd 2n =cos3 2n vi ciing béang cos| 27 _om
7 7 7
0054(47nj = 0053(4—;j vi cling bing 005(471 _nTnj

0054(67“j = cos3(6—7nj vi ciing bing cos(61r —187“)

Suyra: 277t ; 477t 677t la ba nghiém clia phudng trinh cos4x = cos3x

< (8cos*x —8cos’x +1)—(4cos’x —3cosx ) =0
= 8t? +4t7 —4t-1=0(1)
) T ) 2T ) 37t
(v6it=cosx#1).Goiye cos® =;cos’==; cos
7’ 7 7
Mait khac
6m

200s22=1+c0s2—n, 2cos22—n=1+cos4—n, 2cos 3)—n—l+cos—
7 7 7 7 7 7

=2y=1+t=>t=2y-1
(1) = 64y —80y* +24y—-1=0 (2)
Goiy,.y,, Y5 la banghiém cta (2)
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Taco:E=yi+y;+ys =(y,+ Y, +¥3)" —2(y,¥2 +¥2¥3 +¥3¥1)
_(_—80 2_2% _E.
64 64) 16
CHU BE 6 : CONG THUC CONG
Bai tap 28.
. 2 .2 16
«Tinh cosa: cos“a=1-sin“a =— = cosa. = ——
25 5
25 5
«TinhsinB: sin’f=1-cos’p=—— = sinf =—
b b b 169 b 13
« Tinh sin(a + B) : sin(a + ) = sina cosP + cosa sinf = 2—5

Bai tap 29.
a) A = cos[(a+P) + (a.—B)] = cos2a.
b) B = tan[(0.+B) — (0.— )] = tan2p.

c)C=1—sin2(a—[3)=cosz(a—[3).

dD=|1+ sinf  sin2f sin2p = c0s23 cosP + sin2f sinf3 sin2p
cosp cos2p cos23 cosf
= cosB=P) .sin2f = tan2p.
cosf cos2f
Bai tap 30.

sin30° -cos150] _é(sinISOCos?)OO +sin30°cos15° }

a)Azé sin15° + 5 5
2 cos3 cos30

2 cos30° 2 3 2
. 0 0 0 - 0 . 0
_ sin457cos15” +cos457sinl5"  sin60 =\/§.

b)B= =
) sin45°cos15° — cos45%sin15°  sin30°
1 i \/g 47
cosi—\/g.cosﬂ 4[2'00518_2'C059}
_ 18 9 _
¢)C= =
47 T . T T
COS— COS— 2sin— cos—
18 18 18
. T T T 47 (T =
4| sin—cos— — coS—CcoS—— 4sin| — ——
_ 6 18 6 9) 6 18 _4
B . T B ) o
sin— sin—
9

s’ 4n . T
Chiy : cos— =sin—
v 9 18
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Bai tap 31.

1+ cosacosb
a) VT = sinasinb _ _ cosacosb + s?nas?nb __ cos(a—Db) (dpem).
1— cosacosb cosacosb —sinasinb cos(a+b)
sinasinb
b) VT = (tano —tanp) . (tano +tanB) tan(a— B)tan(o+ B) (dpem)
(1+tana tanB) (1-tana tanf) pem)-
(cosacosb + sinasinb)(cosacosb — sinasinb)
c) VT = > >
cos“a cos’b
== 2. .2
sin“a sin“b
_ (cosacosb‘ +2s1na.s12nb)(coszzlcosb 2— sinasinb) _ _sin?asin?b( dpem).
sin“a sin“b—cos“a cos“b
sin’a sin’b
d) VT = :ZEZ I IZEE - t:gz : :ZEE =1—tanatanp — (1 + tana tanf)
l1—tanatanf 1+ tanotanf
=—2tana tanf (dpcm).
Bai tap 32.
tana + tanb b

Tacé: tan(a+b)= —1:>a+b=z+kn,keZ

1—tana.tanb
Doa,be(O;gj:aere(O;n):k=0.Vaya+b=%.
Bai tap 33.

T
tano —tan— tana—1
Taco: A= 4 _

—=
1+ tana - tan— tana+1

. Tinh sina : sin’a=1-cos’a = 16;0 = sino = ﬂ

681 41
«Tinh tano: tano = SN _ﬂ
cosa 9
Dodé: A= ﬁ
31

Bai tap 34.
«sin(a + 2b) =sin[(a + b) + b] = sin(a + b)cosb + cos(a + b)sinb
=sin(a+ b)cosb (1) (docos(a+b)=0)
«sina =sin[(a + b) — b]=sin(a + b)cosb — cos(a + b)sinb
=sin(a + b)cosb (2)
(docos(a+b)=0).Tur(1) va (2) = dpcm.
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Bai tap 35.

. T T . . T T . 2
a) A =| sin—cosX — COS—sinx |-| sin—cosX + cos—sinX |—cos“X
3 3 3 3
. 2T T . 3 1.
=sin® = cos’x — cos® —sin’x — cos’x = —cos’x — —sin’x — cos’x
3 3 4 4
1 . 1
= —Z(smzx +cos’x) = —Z (dpcm) -

2
i . T T LT
b) B=| cos—cosx +sin—sinx | +| cOS—co0sSX —Sin—sinx
3 3 3 3
2 2
21 . 2m . 21 . 2w . .
+| cosS—cosX +sin—sinX | +| cOS—cosSX —sin—sinx | —2sin“x
3 3 3 3
s .o T 2n ., 2T . .
=2c0s> = cos’x + 2sin® =sin’x + 2cos’ == cos’x + 2sin® =—sin’x — 2sin’x
2 2
=sin"X +cos"x =1 (dpcm).
Bai tap 36.

cos(x —y)

cos(x +y) = < 3(cosxcosy — sinxsiny) = cosxcosy + sinxsiny

o 1
& 2cosxcosy =4sinxsiny = tanxtany = 5

Bai tap 37.
a) Vi A, B, Cla ba géc cia tam gidc ABC,nénB+C=n—-A
Taco: VT =—cos E+E =—Cos E—é =—siné-
2 2 2 2 2

b) Vi A, B,Cla ba géc ctia tam gidc ABC,nén B=n—(A +C)
Tacéd: VT =sin(A —C) —sin(A +C)
=sinAcosC — cosAsinC — (sinAcosC + cosAsinC)

=—-2cosAsinC.
¢) Vi A,B,Cla ba gbc ctia tam gidc ABCnén A+B=n-C
Tacé:tan(A+B)=tan(n-C)= M =—tanC = dpcm.
1—tanA tanB

Bai tap 38.
(2) = (acosa cos@ —asina sing ) + (bcospP cos@ — bsinf sing ) =0
<> (acosa + bcosp )cos@ — (asina + bsinf )sing =0
{(o #kn ) )
Vi = asina+bsinf =0
acosa + bcosp =0
Do d6: VT = (acosa + bcosp )cosx — (asina + bsinf} )sinx = 0 (dpcm).
Bai tap 39.
Dit a = tana, b = tanP, ¢ = tany dé da cho viét lai :
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tan(o — ) + tan(p —y) + tan(y —a) = tan(a — B) tan(f — y) tan(y — )
St dung bai tp 37 ¢), suy ra diéu phai chitng minh.

CHU PE 7 : CONG THUC NHAN

Bai tap 40.
> - 1 24 N
ecOs’Xx=1-sin‘x=1-—=—=cosx =——
25 25 5
. . 1Y 2v6) 46
e SIN2X =2sinxcosx =2| —— || - — |=——
5 5 25
-cost=1—2sin2x=1_£=§.
25 25
Bai tap 41.
1—t2+ 2t
1+t 1+¢2 _ —t+6t+1 9

Déttztangleacc’):A: > = 5 =——.
2 1-t 2t —2t7 =2t +2 10

N+ 1+t
Bai tap 42.

. 7 . 7 )
«sina+cosa =—— =1+ 2sina cosa = Z = sin2a = 2

«cosda =1-2sin’*2a = _%

2
ﬁ@ 2t 1-t =g@(ﬁ+2)t2—4t+ﬁ—2=0

.Sina+cosa=— —t—
1+t 1+t
(= 3
ﬁ+2 V(’)‘itztanE
(= 1 2
ﬁ+2
VQYC0t3=%=ﬁ3+2;cot%=\/7+2.

tan—

Bai tap 43.
a) (16cos10”)A = (16c0s10°sin10°)sin70°sin50° sin30°

=8sin20° c0s20° cos40° %

=2sin40° cos40° =sin80° = cos10°

=>A=—
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V2
2

5. 0
b) B=—sin30" +
2 (sin*15° = cos*15°%) - (sin*15° + cos*15°)

2 72

5 5 5 5 15-46
4 —cos30° 4 3 12
2
2tan£
c).tanﬁz—lzzﬁztan£=2—\/§.
l—tanzn 3 12
12

o Sn i 1
«tan—=1; tan—=cot—=
12

12 12 2-3

=C=2-3)+1+

1
- =15.
2-+/3)?
d) Tacé:cos3.(18°) =sin2.(18°) < 4cos’ 18" —3cos18” = 2sin18°cos18°
& 4c0s*18° —3 =2sin18° [do cos18° # oj
< 4(1-5in*18°) =3 =2sin18" < 4sin*18° + 2sin18° —1=0

N5-1
4

= sin18° = cos72° =
Bai tap 44.

0 2 0 2
a) VT = tana + tan60 0tana N tan60 +0tana
1+ tan60" tana 1—tan60" tana

2 2
) Lﬁ—tana} L\@thana}
=tan“a+ +

1+\/§.tana l—ﬁ.tana
B tan’a(1—3tan’a)® + (\/5 —tana)*(1— \/gtana)2 + (\/5 +tana)*(1+ \/gtana)2
(1-3tan’a)?
9tan®a + 45tan’a+6 9tan’a.(3 —tan’a)® + 6(1—3tan’a)’
T (1-3mn’a)? (1-3tan’a)’

_o AN 6 gan23a+6
1-3tan"a

b) Thé 14n lugt a =5°, 10°,15°,20°,25° vao biéu thitc § cau a

Tacé :tan”5° + tan?55° + tan”65° = 6+ 9tan*15° (1)
tan>10° +tan?50° + tan>70° = 6+ 9tan230° (2)
tan?15° + tan®45° + tan>75° = 6+ 9tan>45° (3)
tan?20° +tan?40° + tan’80° = 6+ 9tan’ 60° 4)
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tan®25° +tan?35° + tan?85° = 6+ 9tan? 75° &)
Cong timg vé (1), (2), (3) ,(4) va (5). Ta dudc:
S =tan’30° + tan’60° + 30
+9(tan’15° + tan®30° + tan®45° + tan”60° + tan>75°)
=10tan®30° +10tan’60° + 30 + 9(tan*15° + tan’45° + tan>75%)

=?+30+30+9(6+9tan2450)=ﬁ-
Bai tap 45.
) A = sin’X + cos’X + 2sinxcosx _ (sinx + cosx)? 1
(sinx + cosx)? (sinx + cosx)? '
sina . s 0
+ sino . 1 2sinol cos” —
b) B = €080 _ sino(l +cosa) _ _ tana
2 0 2 2 A ’
2cos” — 2cosa cos”—  2c¢o0s0, cos” —
2
2
) Codaf 1EC0S20 )5 20—t (2c0s2a-1)
2 2
=1+2co0s20.+ cos“ 20 —2cos20. —cos 20+ — = 5
2cos? d a a a
dD= 2. tan® — — cos’a = cot’ — tan® — — cos’a

. a0
2sin* =

=1-cos’a =sin’a.
cos2a. cos2a
e)E= =

. - 4 . 4
.2 cos’a  sin’a .2 (cos™a—sin"a)
sin" 20| ——5————— | sin"20——F———
sin“o,  cos”a sin“a cos a,

_ cos2a. _ cos2a. 1
- 2 . 2 2 NEN -
- . cos2o. 4
4sin? 20 - (cos“a.—sin g)(c0s2a+s1n o) 4sin2q.- 3
4sin“0.cos“a sin“2a
2cos”2a 2co0s*2a cos’2asin20 1 .
HF= = — = =—sin4a.
Cosa. SO cos“o—sin“a cos2a. 2

sino.  coso sina coso

1- cos[;t - aj
g)G= tan(%Jr%j —= tan(a

ZSinz[n—aj
4 2
(=
sin| ——a
59
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yis
_J’__.
2 4) . (moa T a
2sin| ——— [cos| ———
4 2 4 2
o T a




h) H = cos3x - 3cosx Z cos3x +sin3x - 3sinx ; sin3x

= E (cos3x. cosx + sin3X. sinx) +%(COS2 3x —sin”3x)

= %COS2X + l CcOsOX = icos2x +i(4c0s3 2X —3c0s2x) = cos’2x.

Bai tap 46.
a) VT = (sin’o — cos®a) - (sin’a + cos’a) + sin2a _ —cos2a +sin2a
B sin2a | "~ sin2a—cos2a
cos2ao. cos2a.
=cos2a (dpcm).

b) VT = (cos’a —sin’a)(cos*o + sin*o + cos?a .sin’a. )

=cos2a l—lsin22a+lsin22a =cos2a l—lsin22a
2 4 4

= cos20{1 —i(l —cos’ ZQ)} = VP.

cosa N sina 2
c) VT = sina__cosa_ ___sin2a__ _ pcopq (dpcm).
1+ sin20. _sina cos(2o—a)
cos20. coso.  cos2o cosa
o
. 2sin’® =
d) VT = 2s?na (1-cosa) _ 2 _gan22 (dpcm).
2sina. (1+ cosa) 200825 2
e) VT = cos4a sin2a — sinda cos2a _ sin(2o —4a) __ sin2a _ 1

sin20. sin20. sin20.
VP = cos’a —sin’o — 2cos®a = —(cosa + sin’a) = —1 = VT.

. ) . ) ) 2sin— cos—
_ (sin“a—cos”a).(sin"0 + cos”a) + cos o 2 2

f)yVvT =VP.
4sin29 4sin29
2 2
1+ cos(; - 2(1) 20052[2 - a]
g) VT = = = cot(E - aj (dpcm).
(T (T T 4
sin| ——2a 2sin| ——ao |cos| ——a
5-20) nf-ofo(5-)
2sin2(2—aj
h) VT = :tan(ﬁ—aj:cot(EJraJ (dpcm).
(T T 4 4
2sin| ——a |cos| ——a
(-ofo{5 <]
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ol {-2)-5)

K) VT = 4sin’a cos®a —4(1 —sin’a) - 4cos’o (1—sin’a) B cos'a
(1-cos4a)—8sin’a —8sin’a(1-cos’a) 2sin‘a
:%cot“a (dpcm).
Bai tap 47.

Ap dung :tana +tan(a + 60°)+tan(a+120°) =3tan3a cho 15 14n
véia=1"+k.4° (k=0,1,...,14)

Taco:
tan1° + tan61° + tan121° = 3tan3’ (1)
tan5° + tan65° + tan125° = 3tan15° (2)
tan57° + tan117° + tan177° = 3tan171° (15)

Cong (1),(2), ..., (15) v& theo V&, ta dudc :
S=9(tan9° + tan45° + tan81° + tan117° + tan153°)
=9(tan9" + tan81° —tan63° —tan27°)+9=9-4+9 =45
(Ap dung Vidu 44c)
Bai tap 48.

(2) = sin2p = %sinZu

(1) = 3sin’a = 1 - 2sin?p = cos2p

= cos(a + 2p) = cosa cos2P — sina sin2f3

=3cosa sinza—%sinhm sino.=0
T
:>a+2B=5+kn,keZ

Do a,Be(O; gj:wzﬁe(o;%’tj:k:ompm).

Bai tap 49.

a—B 1+cos(o—P) 1+ cosacosP+sino sinf
- 2 - 2

. acosx + bsinx = ¢ < —acosx = bsinx —c

) 2
Tacd:cos

)

= a’cos’x = b’sin’x + ¢* — 2bcsinx
< a’(1-sin’x) = b’sin’x + ¢ — 2bcsinx
< (a® +b%)sin’*x —2bcsinx +¢* —a* =0 (1)

Suy ra sina, sinf 12 nghiém cta (1), theo dinh 1i Viét :
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Suy ra sina, sinf 1a nghiém cta (1), theo dinh Ii Viét :

2 .2
c"—a
sina sinf = 2
P a’ +b? @
2 _ b2
Theo Vidu 41, tac6: coso cosp=——— 3)
a“+b
Thé (2), (3) vao (*) ta dugc dpcm.
Bai tap 50.
Ta c6:sin’x = i(3sinx —sin3x) (¥).
Ap dung (¥) cho tirng s6 hang ctia S,ta c6:
.3a 1 .a .
sin” — =—| 3sin——sina
3 4( 3 ) (1)
a 1 a a
3sin® — = —| 3%sin— — 3sin—
3? 4( 3? 3) 2
3nlgin® 2 = 1[3“ sin — — 3! sinij
3n 4 3n 31171 (n)

Cong (1),(2), .., (n) theo v& ,ta dugc : S = %[— sina + 3“sin3in] .

Bai tap 51.
1-t?
t
b) Ap dung ciu a cho titng s hang ctia S, ta c6:

a) bitt =tanx, VP =—

+l =t =tanx (dpcm).
t

1 a 1 a
—tan— = —cota +—cot— (1)
2 2 2 2
Ltani——lcotiJrLcoti 2
1 a 1 a 1 a

tan cot +—cot— n
2n 2n 2n—l 2n—1 2n 2n ( )

Cong (1), (2), ..., (n) theo v&, ta dudc : S = —cota +2incot£in .

Bai tap 52.

2tana

1 —tan’a

2tana

a) VP = —2tana = 2tana - (;2 - lj =tan’a-
1-tan“a 1

—tan’a
=tan’atan2a=VT
= dpcm.
b) Ap dung ciu a cho titng s hang ctia S, ta c6:
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tan® = tanx = tanx — 2tan— (D)
2 2

2tan’ 212 tan% = 2tan§ -2 tanzi2 (2)

_ X
=2""tan —2“tan—n (n)

_ X
2" 'tan? = .tan - -
t 21 21 2

Cong (1), (2), ..., (n) theo v&, ta dudc : S =tanx — 2“tan21n-

Bai tap 53.
2
a)VT:1+cos2a: %cos?lz _ 2 .
cos2a cos‘a—sin‘a l-—tan"a
2tana
2
VP:l_tana: 2 - :VT
tana 1-tan“a

tanx tan2x  tan2"'x _tan2“‘1x

b) Ap dung ciu a, tacé: P =

tan X tanx tan2"2x tan >
Bai tap 54.
2 2
a) VP = 2(2cos“a—1)+1 _ 4cos”a—1 —2cosa—1 = VT.
) 2cosa +1 2cosa+1
b) Ap dung ciu a
VT = 2co0s2x +1 ' 2cos4x +1 2cos2"x +1 _ 2cos2"x +1 _Vp.
2cosx+1 2cos2x +1  2cos2™'x+1 2cosx +1
CHU PE 8 : CONG THUC BIEN BOI
Bai tap 55.

a) A =sin(4o +2a) + sin(4o — 20.) = sin6a + sin2a.
b) B = cos8a + cos2a.
¢) C =cos[(3a+2B)—(a.—P)]—cos[(Ba+2B) + (o —P)]
= cos(20.+3B)—cos(4a +B).
dD= l[sin(M +3X_—yj + sin(ﬂ _ﬁ_—yﬂ = l(sin3x + siny).
2 2 2 2 2 2
e) E =4(sin3a sina)sin2a = 2(cos2a — cos4a,)sin2a
=2sin2a cos2a —2sin2a cos4o = sinda — [sin6a + sin(—2a.) ]
= sinda — sin6a + sin2a.
Bai tap 56.

a)A:2c0sXJrOHrXsinXJrOL_X =2cos x+2 sing-
2 2 2 2
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a+B+a—BCOSa+B—a+B
2
c)C:20052X+y+X+2ycoszx+y_x_2y:2cos3(X+Y)cosX_y-
2 2 2
x+60°  x-60°
cos 5 .

b) B =2sin

= 2sina cosp.

d)D= 2(COSX + %j =2(cosx + c0s60") = 4cos

l+cos2a  1+cos2f 1
2 2 2
f) F = (sin3x + sinx) + (cos3X + cosx) + sin2x + cos2x

e)E= (cos2a —cos2P) = —sin(a + B)sin(a — B).

=2sIn2X COSX + 2C0S2X COSX + Sin2X + c0s2xX
=sin2x(2cosx + 1) + cos2x(2cosx + 1) = (2cosx + 1)(sin2Xx + c0s2x)

=2(cosx + cos60° ){ﬁsin(zx + %H

0 00
=4x/§cosx+60 cosX 60 sin x4+ 2.
2 2 4
g) G =[sina + sin(a + 2B)] + sin(a + ) = 2sin(a + ) cosP + sin(a + )
=2sin(a +pB)(cosP + c0s60?)

0 0
=4sin(a+ ) COS(B—'—%] COS(B_%] .

h) H=2cos(a +b)cos(a—b)+2cos(a+Db)sin(a +b)
=2cos(a+Db) {cos(a —b)+cos[90° —(a+b)] }

a—b+90° —(a+b) COs9o° —(a+b)—(a—b)
2 2
=4cos(a + b)cos(45” —b)cos(45° —a).

k)K= 2sin£ sin§+ cosi = 2\/§sin§sin £+£ .
2 2 2 2

=4cos(a+b)cos

2 4
Bai tap 57.
a) Goi M =sinA —sinB —sinC
Tacé:M=2005A+BsinA_B—ZSingcos%
. C. A-B .C. A+B
= 251n5s1n - 231nzsm

.C(. A-B . A+B
=2sin—| sin —sin
2 2 2

. C A . B . C A . B
=2sin—| 2cos— sin| —— | |= —4sin—cos—sin— -
2 2 2 2 2 2
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b) Goi N =cosA + cosB—cosC +1

Tac(’):N=2cosA+BcosA_B+2sin2E

. C A-B A+B . C A B
=251n5 cos + cos =4smEcosgcos—-

Bai tap 58.
a)A= %[008(500 +10%) +cos(50° —=10°)]cos70°
:ZCOS7OO +%cos70000s400 :icosmo +l(cosl 10° + cos30?)
= —lcosllo0 Jrlcosllo0 +£=£-
4 4 8

. T T . T 2n . T 3n
2sin—cos— — 2sin—cos— + 2sin—cos—

b)B=
2sinE
7
.2z .3t . om . 4n . 2¢m
sin— —| sin— —sin— |+| sin— —sin—
_ 7 7 7 7 7
2sinE
7
—sin T 4 sin T rsin®  sin®
sin P sin sin sin 1 3 4n
= - = 7t=— dosm7=s1n—
2sin— 2sin—
0 0
1
) C= t.an800 3 cfot 00
sin100 sin100
c0s75%c0s25°  sin75%sin25°
0 0
= C.Otlo 5 (cos75° cos25” —sin 75" sin 25°) =%-cot10°
sin100 sin100
=cot(90° +10%)cot 10°

=—tan10’ cot10° =—1.
d) D = (tan9° + cot9°) — (tan27° + cot27°) + (tan15° + cot15°)
_ 1 ~ 1 . 1
sin9°c0s9?  sin27%c0s27°  sin15%cos15°

1 1 2 sin54° —sin18°
= e | T o T e | T
sinl8& sin54 sin30 sin54"sin18

4¢0s36°sin18° 4sin54°
=0 AT o
sin54"sin18 sin54

+4=8.
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e)E= ! 2cos2£—l— 4cos3£—3cosE
7 7 7

L 2
Ccos—
7
1 2n 1 3n 1 1 2n 3
=—|14+cosS————coS— |=———| —+CcOS— —COS—
T 7 2 7 m\2 7 7
cos COS—

Taco: 2sin£cosE E= sinE + 2sin£cosﬁ - 2sin£cos3—7t
7 7 7 7 7 7 7

. T .3 . wmw . 4nm . 2m . 2m . 4n . 3n
=sin— + sin— —sin— —sin— + sin— = sin— | do sin— =sin—
7 7 7 7 7 7 7 7
=E=I.
b T 4t b b o 4t
f)F =2cos—cos— —2cos— cos— =2¢c0S—| COS— —COS—
5 15 15 5 5 15 15

(.. T s
CcOS—| 2sin— cos—
T LT Yo T, W 5 ( 10 10]
=2cos—| —2sin—sin —— | |=2cos—sin— =
5 6 10 10

5 cosl

10
. . 2n

cos_sin_  sin— . .
= S - [docos—zsin—j‘
T T 1
COS— 2c0s—
10 10
Bai tap 59.

a) VT = (sin30 + sina) — sin2a = 2sin20. coso — sin20.
=2cosa(sin20 — sina) = 4cosa. cos%x sin% (dpcm).

b) VT =[sin(a + B) —sina].[sin(a + B) + sina] — sinZB

= |:2COS(0, + Ej sinE} . {ZSin(a + Ej COSE:| —sin’p
2 2 2 2

= sinPsin(20. + B) — sin’B = sinP[sin(2a + B) — sinp]
= 2sinf cos(a + B)sina ( dpcm).

¢) VT =2sin4a coso — 2sin2 0 cosa = 2cosa (sind o, — sin2a.)
=4cosa cos3a sina = 2sin2a cos3a (dpcm).

d) VT = (1+ cos2x) + (cos6x + cos4x) = 2c0s’X + 2c085XCOSX

=2co0sx(cos5x + cosx) = 4cosxcos3xcos2x (dpcm).

e)VT = lsinx COS2X — cosz—n = lsinx COS2X + lsinx
2 3 2 4

1 1 1
=—[sin3x + sin(—x)] + —sinx = —sin3x (dpcm).
4[ (—x)] 2 2 (dpcm)
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f)VT = %(cos8x + cos4x) + %(cost —cos8x) = %(cos4x + c0s2x)

= cos3xcosx (dpcm).

1—cos(a+[3—y)+1—COS(G+Y—B)

VT =
g) 5 5

+[cos(P —y) — cosa]cosa

=1-cos’a —%[cos(a +B—7v)+cos(a+vy—P)]+cos(p—7y)cosa

=sin’o — cos(B — y) cos o+ cos(P —y) cosa = sin’a ( dpcm).
h) VT = cos10x + 1+ cos8x + 6c0s3XC0SX — COSX
—2cosx(3cos3x + cos9x)
=co0s10x + 1+ cos8x — cosx — 2 cos9Ixcosx
=c0s10x +1+ cos8x — cosx —(cos10x + cos8x) =1—cosx (dpcm).
Bai tap 60.
a) VP =1+8sin10° +16sin”10° =1+ 8sin10° + 8(1—c0s20")
=9+8(sin10° — c0s20%) =9 + 8(sin10° —sin70°)
=9 +16c0s40°sin(=30°) = 9 —8sin50° (dpcm).
b) VT = (tan30° + tan60”) + (tan40° + tan50°)

sin90° sin90°
= 0 o 0 0
c0s830" cos60 cos40" cos50
4 2 _ 4c0s10° +24/3

+ =
ﬁ c0s90° + cos10° \/5005100
B 4(cos10° + cos30°) B 8c0s20°cos10° B 8\/5

i 0520 (dpem).
V3cos10° V3cos10°
. 1 i T[: T[
sin—-+sin—- 2sin——cos— 3t m ®m
VP 7 27: 14 14 ( _+—=_j
sin"Fsin<t  2sin~coscos—— e
T
2cos —
_ 7l 40T+ _ ) (dpem).
26in T cos ™ sin® 712
sin_cos_  sin_
71 T
Bai tap 61.
el
a)VT =
ZCOS{MW—B)} sin[w_(a_ﬁ)}
> 2
_ M = —tana (dpcm).
2cosasinf
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¢) VT =(tana — tanb) + (tanb — tanc) + (tanc — tana) = 0 (dpcm).
d) .Goi A =sina + sinb +sinc —sin(a+ b +c),taco:

AzZsina+bcosa_b+2c0sa+b+2csin{—(a;b)}
. a+b a—-b a+b+2c
=2sin cos —COoS
2 2 2
a—b+a+b+20 a—b_a+b+2c
:2sina+b —2sin 2 2 sin 2 2
2 2 2

. a+b ., a+c . (b+c¢) . a+b . a+c . b+c
=—4sin 5 sin sin| — =4sin sin sin

2 2 2
a+b a+c b+c
« cosa + cosb + cosc + cos(a+ b+ ¢) =4cos 5 cos 5 cos 2

:>VT=tanaJ2rbtanb+CtanCJ2ra(dpcm).

2
Bai tap 62.
! 5 1—005[2;—2)&] !
a)A= —cos X+ +—| cos E—2x —cosE
2 2 2 3 3

=1—l cos 2—n—ZX + Ccos2x +lcos E—2x —l
2 3 2 3 4

zg—cosﬁcos T +lcos T :i (dpem).
4 3 3 2 3 4

1+ cos2x N 1—cos(2a + 2x)
2 2

b)B= —2sinacosxsin(a + x)

=1+ %[cos2x —cos(2a + 2x)] —2sinacosxsin(a + x)

=1+sin(a + 2x)sina — 2sinacosxsin(a + x)
=1+sina[sin(a +2x)—sin(a + 2x) —sina]=1— sin’a = cos?a ( dpcm ).
¢) C=cos’(x —a) +sin® (x — B) —2cos(x —a)sin(x —B)sin(a — B)
_ 1+ cos(2x —2a) N 1—cos(2x —2B)
2 2

—2cos(x —a)sin(x —P)sin(a — )

=1+ %[cos(2x —2a) — cos(2x —2B)] - 2cos(x — a)sin(x — B)sin(o. — B)

=1-sin(2x —a —B).sin(f —a) —2cos(x — a)sin(x — B)sin(a — B)
=1+sin(a—B)[sin(2x —a —P) — 2cos(x —a)sin(x — )]
=1+sin(a—P)[sin(2x —a —B) —sin(2x — 0. — B) —sin(o. — B)] = cos* (o — B).
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sin(g — aj sin(;[ - a]
d)D=tanZ({tan(E—aj+tan(£—aﬂ+ .
© T wofe) of 3
cos| ——a | cosl ——a
6 3
inl © 2 lcosE—cos E—20L
s1n2 o > 6 >
+
T T T T
cos| ——a |cos| ——a cos| ——a |cos| ——a
(F-efol-e) e{§-ool5o

sin2a + —3 - l sin2a, sin2o + —3
4 2

=tan2o -

2
= = =1 (dpcm).
1 (n ) BT
—| cos| ——2a |[+cos— | sin2a+—
2 2 6 2
Bai tap 63.
sin(era sin(p_a
VT = 2 2 _cosa—cosp _ cosa(l—cosb)
cos P2 cos(p;a cosa+cosp cosa(l+cosb)
2sin’ E b
= 2 _ tan” — (do cos @ = cosacosb) (dpcm).
2cos’ — 2
2
Bai tap 64.
aA+bB a A sin(x —a) cos(x —a)
——+1 - :
yp—_ bB___b B _sinx-p) cos(x—P)
aB +DbA a N A sin(x —a) N cos(x —a)
bB b B sin(x —B) cos(x—P)

sin(x —a)cos(x — a) + sin(x — B)cos(x — )

sin(X —a)cos(x — ) + sin(x —B)cos(x —a.)

%[sin(Zx —20)+sin(2x —2p)]

_sin[2x — (o +B)]cos(B—a)
sin[2x — (o + )] B sin[2x — (a.+B)]
=cos(f —a) =cos(a —pB) (dpcm).
Bai tap 65.

« ab = (cosx + cosy)(sinx + siny)

= (sinxcosy + cosxsiny) + (sinxcosx + sinycosy)
=sin(x+y)+ %(sian +sin2y)
=[1+cos(x —y)lsin(x+y) (1)

«a’ +b* =(cos’x +sin’x) + (Coszy + sinzy) +2(cosxcosy + sinxsiny)
=2+2cos(x—Yy)
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= cos(x —y) =%(a2 +b°=2) (2

Thé (2) vao (1) ta dudc : ab= {1 +%(a2 +b% - 2)}sin(x +Y)

2ab .
a’+b’

Do d6 sin(x+y) =
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